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Preface 



Classical examples of more and more oscillating real-valued functions on a domain 
n, of are the functions u n (x) = sin(nxi) with x = (aq, . . . , x n ) or the so-called 
Rademacher functions on ]0, 1[, u n (x) = t n (x) = sgn(sin(2" +1 7rx)) (see later 3.1.4). 
They may appear as the gradients Vv n of minimizing sequences (v n ) n£ ^ in some 
variational problems. In these examples, the function u n converges in some sense to 
a measure p on 0 x R, called Young measure. In Functional Analysis formulation, 
this is the narrow convergence to p of the image of the Lebesgue measure on Q by 
co i— > (co,u n (co)). In the disintegrated form (// w ) w gn, the parametrized measure p^ 
captures the possible scattering of the u n around co. 

Curiously if (X n ) nS N is a sequence of random variables deriving from indepen- 
dent ones, the n-th one may appear more and more far from the k first ones as 
if it was oscillating (think of orthonormal vectors in L 2 which converge weakly to 
0). More precisely when the laws L(X„) narrowly converge to some probability 
measure w, it often happens that for any k and any A in the algebra generated 
by Xi, . . . ,Xk, the conditional law L(X„| A) still converges to vo (see Chapter 9) 
which means 

V^GC b (R) — [ ip(X n (co))dP(co ) — » [ ipdu i 

^\ A ) J A JR 

or equivalently, S Xn denoting the image of P by co i— > (co, X n (co)), 

/ ( 1.4 (g) <p) dS Xn — > / ( 1.4 ® <p) d[P ® ru\ . 

JQ,xR JClxR 

This is exactly the same convergence as the one raised in the first paragraph 
(excepted that the limit measure is not always a product). 

Many authors wrote on Young measures in Control and Calculus of Varia- 
tions: Young [You37], McShane [McS40], Gamkrelidze [Gam62, Gam78], Warga 
[War72], Ghouila-Houri [GH67], Tartar [Tar78], Ekeland [Eke72], Berliocchi and 
Lasry [BL71, BL73], Balder in [Bal95, BalOOa, BalOOb] and many other papers cited 
in this book. On the probabilistic side, we refer to Renyi [Ren58, Ren66, Ren63] 
for applications in limit theorems, Baxter and Chacon [BC77] and Meyer [Mey78] 
for relaxed stopping times, Pellaumail for weak solutions of stochastic differential 
equations [Pel80, Pel81] (see also Jacod and Memin [JM81b, JM81a]). 
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PREFACE 



The topology on the space of Young measures is usually called “narrow topol- 
ogy” or “weak topology” in the study of Young measures in Functional Analysis. 
But this topology is called “stable” in Probability Theory, and the word “stable” 
has the advantage that it avoids confusions with the usual narrow topology on the 
space of measures on a topological space (see more details on this discussion page 
22). So, we choose here “stable topology”. 

For a long time Young measures were considered only when the functions u n 
take their values in a compact subset of an Euclidean space. Berliocchi and Lasry 
introduced locally compact spaces and Balder extended the Prohorov theorem to 
these parametrized measures that are Young measures. Then during a long period 
authors considered that the good space was a Polish or a metrizable Suslin space. 
Between 1985 and 1990 several works (mainly due to Balder) treated the case of 
a separable reflexive Banach with the weak topology which is not metrizable. For 
an example of Young measures on a function space, see [MV02], In this book 
the extension of the compactness Topspe criterion to Young measures allows a 
significant progress. We will consider basically (but always adding some technical 
topological hypotheses) a general Hausdorff topological space. 



Contents Our aim is not to give a short introduction to Young measures. In- 
stead, we present the results in a general setting, in the hope it will be useful 
for further developments of the theory. Due to the general framework four sta- 
ble topologies are introduced in Chapter 2. Dudley’s results are used to study in 
Chapter 3 convergence in probability of the functions ui i— > /z“ where a is the index 
of a net and (/Owen denotes the disintegration of \x a (which is assumed to exist). 
A general fiber product theorem and a parametrized Kantorovich-Rubinstein the- 
orem are provided. The heart is Chapter 4 where the Topspe criterion is extended 
to Young measures. Chapter 6 is devoted to vector valued functions, the biting 
Lemma, weak compactness results in Lg and Visintin’s theorem in several infinite 
dimensional frameworks. Chapter 7 develops several relaxation results in Control 
and evolution problems. Chapter 8 gives some results of Calculus of Variations: 
the lower semicontinuity theorem and Reshetnyak’s theorem, and deals with the 
fiber product of Young measures and its applications to control problems: es- 
sentially we establish the link between the value function which occurs in these 
problems and the viscosity solution of the associated Hamilton Jacobi-Bellman 
equation. Finally Chapter 9 gives some results from Probability Theory which 
involve stable convergence. 

There are many directions that we did not investigate. . . Specially the result 
of Kinderlehrer and Pedregal about Young measures generated by gradients of 
vector valued functions (as this necessarily happens in some physical problems 
where the functions describe the deformation of a 3-dinrensional material): see 
the books of Roubfcek [Rou97] and Pedregal [Ped97], see also [Syc98, Syc99] and 
the forthcoming book [ABM], We did not either investigate some generalizations 
of Young measures which should be very useful in an infinite dimensional setting, 
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especially in the case of nonseparable spaces; for example, we did not consider 
Young measures with cylindrical values in a Banach space, nor Young measures 
which have only finitely additive values (such measures are considered by Fattorini 
[Fat99]). 

Definitions are spread all along the text, without any numbering. The reader 
should consult the Subject Index and the Index of Notations to find their precise 
location. 

Aknowledgements We warmly thank Lionel Tlribault for his incredibly careful 
and efficient reading of our manuscript (all shortcomings of this book, if any, must 
have been added later). We are also greatly indebted to Ahmed Bouziad for his 
precious “S.O.S. topology” service, free and available 24h a day. 




Chapter 1 

Generalities, preliminary 
results 



This chapter contains some results, but mainly definitions that can be skipped at 
first reading: The reader can access these definitions by using the Subject Index 
and the Index of Notations. 

We denote by R. the set of real numbers and by N the set {0, 1,2,.. .} of natural 
integers. The set N \ {0} = {1, 2, . . .} is denoted by N*. 



1.1 General topology 

Throughout, T denotes a topological space, the topology of which is denoted by 
tj. Unless explicitely stated, T is assumed to be Hausdorff. One reason to deal 
with spaces which satisfy at least the separation axiom T 2 is that we need the 
compact subsets of T to be closed. The set of closed subsets of T is denoted by 
iF(T), for short T if no confusion can arise. Similarly, the set of open subsets of T 
is denoted by f/(T) or Q and the set of compact subsets of T is denoted by /C(T) or 
1C. Recall that a semidistance on T is a function d : T x T — » [0, +oo[ satisfying, for 
all t,s,r € T, (i) d(t, t) = 0, (ii) d(t, s) = d(s, t) and (iii) d(t, r) < d(t, s ) + d(s , r). 
(if furthermore d(t, s) = 0 implies t = s, we say that d is a distance). 

The Borel er-algebra of a topological space T is denoted by Bj. 

If T is an ordered set with order relation <, we say that T is upwards filtering 
if, for any s, t G T, there exists u€ ‘I such that s < u and t < u. We say that T is 
< 7 -upwards filtering if, for any sequence (t„) n of elements of T, there exists u£ ‘I 
such that t„ < u for every n. Similar definitions hold for downwards filtering or 
a -downwards filtering. 

If V is a set of continuous semidistances on T, in expressions such as “2? is 
upwards filtering”, we refer to the topological order between the induced topolo- 
gies. For example, if we say that 2? is er-upwards filtering, this means that, for any 
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sequence (d n ) n of elements of V, there exists an element d of V which is topolog- 
ically finer than the continuous semidistance X^ n M A 2“" (where a A b denotes 
the infimum of a and b). However, a formula such as 5 > d, where S and d are 
semidistances on T, means that we have 6{t, s) > d(t , s) for all (t, s) £ T x T. 

The Hausdorff topological space T is said to be 

• regular if, for any t £ T and any closed subset F of T which does not contain 
t, there exist two disjoint open subsets U and V such that t £U and F C V, 

• completely regular if, for any t £ T and any closed subset F of T which 
does not contain t , there exists a continuous function / : T — * [0, 1] such 
that f(t) = 0 and / = 1 on F (equivalently, T is uniformizable, that is, the 
topology tt can be defined by a set of semidistances), 

• normal if, for any two disjoint closed subsets F\ and F 2 of T, there exist 
two disjoint open subsets U\ and U 2 such that F\ C U\ and F 2 C U 2 , 
(equivalently, from Urysohn Lemma, for any two disjoint closed subsets F\ 
and F 2 of T, there exists a continuous function / : T — > [0, 1] such that / = 0 
on Fi and / = 1 on F 2 ), 

• Lindelof (resp. hereditarily Lindelof) if every open cover of T (resp. of any 
open set of T) has a countable subcover, 

• (separably) submetrizable if there exists a (separable) metrizable topology To 
on T which is coarser than tt, 

• perfectly normal if T is a normal space and if each closed subset of T is 
a G$ set , that is, a countable intersection of open sets. Equivalently, T is 
perfectly normal if and only if T is a topological space such that, for every 
closed subset F of T, there exists a continuous function / : T — > M such that 
F = f~ 1 ( 0) (see [Eng89, Theorem 1.5.19]). Thus, if T is perfectly normal, 
its Borel a -algebra is generated by the set C b (T) of bounded continuous 
functions on T. Obviously, every metric space is perfectly normal. 

Remark 1.1.1 If T is completely regular and submetrizable, the topology of T 
can be defined by a set of continuous distances (instead of semidistances). Indeed, 
let V be a set of semidistances which induces the topology of T. Let d 0 be a 
continuous distance on T. Then the set V = {c?V do; d £ V} is a set of continuous 
distances which induces the topology of T (where a V b denotes the supremum of 
a and b). Furthermore, if T> is upwards filtering (resp. <r -upwards filtering), then 
V is upwards filtering (resp. er -upwards filtering). 

Hereditarily Lindelof spaces We list some properties of hereditarily Lindelof 
spaces that we shall often use in this book. Proofs can be found in [Bou74] or 
[Sch73] . 
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1. Any continuous image of a Lindelof (resp. hereditarily Lindelof) space is 
Lindelof (resp. hereditarily Lindelof). 

2. Any regular Lindelof space is paracompact, hence normal. 

3. Any regular hereditarily Lindelof space is perfectly normal. 

4. If T x T is hereditarily Lindelof and if the continuous functions separate the 
points of T, there exists a sequence of continuous functions which separate 
the points of T. In particular, T is submetrizable. 

Here is another useful property. 

Lemma 1.1.2 Assume that T is hereditarily Lindelof and regular (in particidar, 
T is completely regidar). Let V be a set of continuous semidistances on T which 
induces the topology of T and is a -upwards filtering. 

1. Let G £ Q . There exists d £ V such that G is d-open. 

2. Let f : T — > R be continuous. Then there exists d £ V such that f is d- 
continuous. 

Proof. 

1 For each t, £ G, as V induces the topology of T, there exists d £ V and an 
open d-ball B d with center t which is contained in G. From the hereditary Lindelof 
property, we can extract a sequence B d 1 , . . . , Bd n , . . . such that G = U n Bd n ■ Then 
take for d any element of V which is topologically finer than each d n (n > 1): Each 
Bd n is d-open, thus G is d-open. 

2 Let (]a„, fr n [) ra >i be an enumeration of all open intervals of R. with rational 

endpoints. From Part 1, there exists for each n an element d n of T> such that 
/ _1 ]a„,&„[ is d„-open. Then take for d any element of V which is topologically 
finer than each d n (n > 1). ~ ] 

Remark 1.1.3 (hereditary Lindelof property and separability) It is not 

known whether, under the usual axioms of Logic (ZFC), there exist hereditary 
Lindelof spaces which are not separable. Examples are known under the continuum 
hypothesis (see [Eng89, Remark in Problem 3.12.7(c)] and the survey [Roi84]). 

Suslin spaces The (Hausdorff) space T is Suslin if there exists a Polish space S 
and a continuous surjective mapping from § to T (recall that a mapping ip from a 
set A to a set B is said to be surjective if we have <p(A) = B, and that a topological 
space S is said to be Polish if it is separable and if there exists a distance d which 
is compatible with the topology of S and such that (§, d) is complete). Let us list 
below the main properties of Suslin spaces that we use in this book. Assume that 
T is Suslin. The following hold (see [Sch73, Bou74]): 



1. T is separable. 
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2. T x T is hereditarily Lindelof (in particular, T is hereditarily Lindelof). 

3. Thus, if T is regular, it is perfectly normal and separably submetrizable. 

4. Consequently, a compact space is metrizable if and only if it is Suslin. Thus, 
all compact subsets of a Suslin space are metrizable. 

5. If T is regular, its topology is defined by the family of all TT-continuous 
distances on T (see Remark 1.1.1). 

6. The Borel cr-algebra Bj of T is countably generated. 

7. T is a Radon space, that is, every finite Borel measure on T is Radon (see 
Section 1.3 about Radon measures and spaces). 

8. Any Hausdorff topology on T which is coarser than tt has the same Borel 
sets as tt (consequently, any Suslin topology which is comparable with tt 
has the same Borel sets as tt). 

9. Any Suslin topology which is comparable with tt has the same Radon mea- 
sures as tt- 

10. We shall also use sometimes the following property: If tt is Suslin regular, 
there exists on T a Suslin metrizable topology Tj on T which is finer than tt 
[SP76], 

In Remark 1.2.1, we list some measurability properties of random subsets of a 
Suslin space. 

A useful class of Suslin spaces is that of Lusin spaces (recall that a Hausdorff 
topological space T is Lusin if there exists a Polish topology on T which is finer 
than the original one, see [Bou74] or [Sch73]). 

The class of Suslin spaces and the class of Lusin spaces are stable under count- 
able products, countable topological sums, and countable unions. 

A particularly useful class of Lusin spaces is that of submetrizable fc w -spaces 
(see Section 4.4 for definitions and basic properties). 

Cosmic spaces The space T is said to be cosmic ( “Continuous-image Of Sepa- 
rable Metric”, [Mic66]) if there exists a separable metric space S and a continuous 
surjective mapping from S to T. Thus the class of cosmic spaces contains the 
separable metrizable spaces and the Suslin spaces. 

A network of the topological space T is a collection J\f of subsets of T such that 
each open subset U of T is the union of the elements of Af which are contained in 
U. The following propositions are equivalent for the Hausdorff topological space 
T (see [Cal82, Cal84, Mic66]): 



(i) T is cosmic. 
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(ii) There exists a (non-necessarily Hausdorff) topological space § with count- 
able base and a continuous surjective mapping from S to T. 

(iii) T has a countable network. 

Cosmic spaces are hereditarily Lindelof. Recall that regular Lindelof spaces are 
normal [Eng89, Theorem 3.8.2]. Furthermore, any regular cosmic space is sub- 
metrizable (see [Cal82]). 

An immediate consequence of (iii) is that, if T is a regular cosmic space, then 
it has a countable network the elements of which are closed, thus Borel (such a 
network will be called a countable Borel network). Thus the Borel a -algebra of 
any regular cosmic space is countably generated. 

An important result about regular cosmic spaces was obtained independently 
by Beslagic and Calbrix [Cal82, Bes83, Cal84]: Every regular cosmic space can 
be embedded in a Lusin space. We use this result in Proposition 1.3.2 and in 
Chapter 3. Unfortunately, it is not known whether this Lusin space can be chosen 
among regular spaces. A positive answer to that question would have interesting 
consequences on the general theory of Young measures: see e.g. Part F of Theorem 
2.1.3 in the light of Corollary 2.1.8, and see other results of Section 2.1 where it is 
assumed that T is a dense subset of a regular Suslin space. 

Vietoris topology We endow the set T with the Vietoris topology , that is, the 
topology generated by the sets 

U~ = {F G T- F n U ± 0} 

and 

U+ = {F G T- F c U}, 

where U runs over the open subsets of T. A base of the Vietoris topology is given 
by the sets 

[U \, . . . , U„ ] := {F G V i = 1, . . . ,n, F n Ui ± 0, F C Ui <i< n Ui} , 

where {U\, . . . , U n } runs over the set of finite subsets of Q . This is an exercise left 
to the reader. It rests on the formula 

f7f n • • • n u~ n u+ = [v, u r n v, ...,u n n V}. 

The restriction to /C of the Vietoris topology is called the Vietoris topology on 1C. 
The reader can find further information on the Vietoris topology in e.g. [Bee93, 
Mic51, Chr74] . 

1.2 Random elements, random sets, integrands 

Throughout, (U, S , P) is a probability space (but in some cases, it will be explicitely 
stated that P is an arbitrary measure on (f 2, S)). A random element of a topological 
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space T is an equivalence class (for the equality P-almost everywhere) of Borel- 
measurable mappings fi — > T. The set of random elements of T is denoted by 
£(fi, T) or £(T), or X if no confusion can arise. The law of an element X of £(T), 
(that is, the image by £ of the measure P), is denoted by C (X). 

Random sets We shall need the notions of measurable random set and inte- 
grand to define the stable topologies on spaces of Young measures. A random 
subset of a topological space T is an element of S ® Bj. If A is a subset of x T 
and if u> G fl, we denote by A(w) the set {t G T; {oj,t) € A}, and we call it the 
value of A at u. A selection of A is a mapping a : fl — » T such that ct(oj) € A(w) 
for all u € A. 

A random subset A is said to be open (closed, compact) if its values are open 
(closed, compact). 

Clearly, a subset A of fi x T may be seen as a multifunction to i— > A(uj). This 
multifunction is said to be graph-measurable if A £ 5 ® Bf, that is, if A is a 
random set. The graph of a multifunction u i— > A(u>) is the set gph (A) = {(w, t) € 
U x T; t G A(w)}. Usually, we identify a multifunction with its graph, and thus we 
use the same notation to denote a random set A and the associated multifunction. 
Other notions of measurability for closed valued multifunctions are presented in 
e.g. [CV77], 

In particular, it is interesting for us to know when a closed valued multifunction 
F is Borel measurable for the Vietoris topology. We say that a closed valued 
multifunction F is V-measurable, or simply measurable , if, for any U G Q, the sets 

F~{U) := {w G fi; F(u) O U £ 0} 



and 



F+(U) := {w G U; F(oj) C U} 

belong to S, and we say that F is LV-measurable if, for any U G Q, F~{U) belongs 
to S. Thus V-measurability means measurability w.r.t. the Vietoris topology, 
whereas LV-measurability means measurability w.r.t. the lower Vietoris topology, 
generated by the sets U~ , U G Q. The Borel a -algebra of the lower Vietoris 
topology is called the Effros a algebra. 

The sets of random subsets, open random subsets, closed random subsets and 
compact random subsets of T are respectively denoted by B(T), £(T), /C(T), 

or B, ([, T , K Z if no confusion may arise, and their elements are simply called random 
sets, random open sets, random closed sets and random compact sets. Note that B 
is the a algebra S ® Bj. Furthermore, it is generated by the random open sets of 
the form G = Ax U with A G S and U an open subset of T, thus B is generated 
by G_. 

Remark 1.2.1 In the case when T is Suslin, the elements of B have some nice 
measurability properties, that we list below. For each measure /r G AA + (fl), we 




1.2. RANDOM ELEMENTS , RANDOM SETS, INTEGRANDS 



7 



denote by S* the /i-completion of S. We denote by S* the universal completion 
of S , that is, S* = n^j^+^S^. Assume that T is Suslin, and let A £ B. 

(i) From a result of Freedmann and Neveu [Deb66, Theorem 3.4], the set {u> £ 
f 2; A(u) A 0} = 7Tn (A) is an element of S*, where ttq denotes the canonical 
projection SI x T — » SI. We shall refer to this theorem as the Projection 
Theorem. Another proof of this result can be found in [SB74] and in the 
proofs of Theorems III. 23 and III. 22 of [CV77]. 

(ii) If A has nonempty values, then, from a result of M. F. Sainte Beuve ([SB74], 
[CV77, Theorem III.22]), generalizing results of Aumann and von Neumann, 
the set A admits an <S*-measurable selection. Consequently (see [CV77, 
Theorem III. 22]), A admits an <S*-measurable Castaing representation , that 
is, there exists a sequence (cr„)„ e N of S * -measurable selections of A such 
that, for every the closure A(ai) of A(u) satisfies 

A(w) = {cr n (uj)-, n £ N}. 

We shall refer to this result as the Sainte Beuve-von Neumann- Aumann 
Selection Theorem. 

(Hi) From a theorem of Debreu ([Deb66], Theorem 4.4), the random set A is 
5*-V-measurable. Indeed, Debreu proved the result for A with nonempty 
values, but, using the Projection Theorem, the results extends to A with 
possibly empty values. We can also deduce this result directly from the 
Projection Theorem, because, for any open subset U of T, we have 

A~(U) =7To (4n(l!x [/)), 

A + (U) = (irn (An (Ox U c ))) c 

(where A c denotes the complement of A). 

(iv) From the preceding property, each element F of T_ may be viewed as an 
-measurable mapping u i— > F(u>), — > T (recall that T is endowed with 

the Vietoris topology). 

(u) Consequently, the mapping A : ui e- > A(oj) is LV-measurable w.r.t. S* . 
Indeed, we have, for any open subset U of T, 

(A) - U = U ra6 NCr“ 1 (/7). 

More generally, if T is separably submetrizable, we also have the following prop- 
erty: 

(vi) Let To be a separable metrizable topology on T which is coarser than tj . 
Let K C x T such that K(cu) := {t € T; (co,t) £ K} is a compact subset 
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of T for every ui £ 0 and such that w i— > K{w), LI — + T is measurable 

(for the Vietoris topology). Then K € 1C. Indeed, for every co £ LI, K(w) 
is compact (thus closed) for To, and ui e- > K(u>) is still measurable for the 
Vietoris topology associated with To- From [CV77, Proposition III. 13], we 
have K € S ® B To C S ® B ^ = B. 

Lemma 1.2.2 Assume that T is a Suslin space and that (fi,«S, P) is complete. 
Let F £ T_. Let d be a continuous semidistance on T and let e > 0. The set 

G d ' e = {(u,t) SflxT; F{oj) ^ 0 and d(t,F(u)) < e} 

is a random open set. Consequently, the d-closure F d = Pk>iG d,1 ^ k of F is a 
random closed set. 

Proof. From the Projection Theorem, the set LI' = {u £ O; F(w) ^ 0} is S*- 
measurable (where S* is the universal completion of S). As we have assumed 
(12, <S, P) to be complete, we have here S* = S. We can thus assume without loss 
of generality that L2' = Ll. 

Again from the Projection Theorem, [CV77, Theorem III. 22], as T is Suslin 
and as we have S* = S, F admits an S -measurable Castaing representation, i.e. 
there exists a sequence (cr n )„ £ N of S -measurable mappings 12 — > T such that F(u>) 
is the closure of {cr„(w); n € N} for every u> G ft. For each n £ N, the mapping 
(co,t) i— > d(<j n {fjj),t) is measurable, and we have 

G d ’ E = U„ 6 N {(w,t) eSlxT; d{t, a n (u>)) < e} , 
thus G d ’ £ is in Q. □ 



Integrands An integrand on Q x T is an S 0 £br - measurable function / : LI x T 
— > [— oo,+oo]. Note that integrands generalize random sets, because a subset A 
of L2 x T is an element of S ® Bf if and only if its indicator function I 4 is an 
integrand (recall that the indicator function 1 a of a A is defined by 1 a ( 2 ;) = 1 
if x £ A, 1a (x) = 0 if x £ A c ). Conversely, any function / : L2 x T — > can be 
identified with its epigraph 

Epi [/] := {(w, (t, r))€ilx(Tx [- 00 , + 00 ]); f(w, t) < r} . 

It is easy to check that / is an integrand if and only if Epi [/] is a random subset 
of T x [— 00 , + 00 ]. Thus integrands can also be seen as special random sets. 

An integrand / is said to be L 1 -bounded if there exists a P integrable function 
(f> such that | f(u>, .)| < <j>(w) for each lu £ LI. We say that / is lower semicontinuous 
(l.s.c.) if f{to, .) is l.s.c. for each u £ LI. Thus l.s.c. integrands generalize open 
random sets. L.s.c. integrands are also called normal integrands. 

We define similarly uppersemicontinuous (u.s.c.) integrands, continuous in- 
tegrands, etc. Note that a bounded integrand f satisfies \ f(u,t)\ < M for some 
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M > 0, for all t € T and for all to G fl: It is not sufficient that f(to , .) be bounded 
for each u>. 

Following a well established tradition, we call Caratheodory integrand any func- 
tion f on fl x T such that, for each well, f(to, .) is continuous and, for each t £ T, 
/(., t) is 5 -measurable. Thus a Caratheodory integrand is not necessarily S®Bf- 
measurable, that is, it is not always an integrand in our terminology. However, the 
following result shows that, in most interesting cases, a Caratheodory integrand 
is just a continuous integrand. In the sequel, we shall speak of Caratheodory 
integrands only when they are integrands. 

Lemma 1.2.3 (Caratheodory integrands) Assume that T is Lusin or regular 
Suslin. Let f be a mapping from HxT to a metric space U such that, for each 
to G fl, f(to , .) is continuous and, for each t G T, f(.,t) is S -measurable. Then f 
is S ® Bj -measurable. 

Proof. Let t be a Suslin metrizable topology which is finer than the topology 
tj of T [SP76]. For each to G fl, the function f(to, .) is ^-continuous . Let d be a 
distance that is compatible with Tj. We then proceed as in [CV77, Lemma III. 14], 
Let (t n )nsN be a dense sequence in T. For each integer p > 1, let ( BP) n be a 
measurable partition of T into parts of d-diameter < 1/p such that, for each n, 
B'P contains t n . Set f p {to,t) = f{to,t n ) if t G B%. From continuity of f(to , .), the 
sequence ( f p ) p of measurable functions converges pointwise to /. As U is metric, 
this entails that / is S (g) B T > -measurable. But, as Tj is Suslin, we have B T > = B^. 

□ T 

We will sometimes need to approximate arbitrary functions on fl x T by u.s.c. 
or l.s.c. integrands. The following lemma is an extension to the Suslin case of a 
result which is essentially due to Balder ([Bal84a], Lemmas A5 and A6). We give 
the first part of it in the same form as it is given in [But89, Lemma 2.1.6]. This first 
part is also an immediate consequence of an old result of the third author ([Val70, 
1.14] [Val71, Proposition 13]), applied to epigraphs. Recall that the space T is said 
to be second countable if it admits a countable basis. Recall also that the outer 
measure P* associated with P is defined by P *{E) = inf{P(R); B D E, B G S} 
for any subset E of fl. Its restriction to Sp, which we shall also denote by P*, is 
the unique measure on Sp which extends P. 

Lemma 1.2.4 (Measurable regularization ([Bal84a])) Assume that T is a 
second countable Suslin space and let f : fl x T — ■> [0, +oo] be a function such that 
f(u >, .) is l.s.c. for P -a.e. to G LI. There exists an l.s.c. integrand f such that 

1- /(w, .) > /(w, .) for P -a.e. to G Ll, 

2. for every integrand g such that g(to, .) > f(co, .) P-a.e. ; we have g(to, .) > f{to , .) 
P-a.e. 

Furthermore, if f is Sp®Bj-measurable, then f(to, .) = f(to , .) for P* -a.e. to G fl. 
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Following Balder [Bal95], if / is as above, we call measurable regularization of / 
any l.s.c. integrand / satisfying Conditions 1 and 2 of Lemma 1.2.4. 

In applications of Lemma 1.2.4, T is a Suslin metrizable space, but there exist 
second countable Suslin spaces which are not metrizable. Indeed, any countable 
Hausdorff space T is Suslin, because the discrete topology on T is Polish. Thus 
any countable second countable Hausdorff space which is not regular provides an 
example of a nonmetrizable second countable Suslin space. Counterexamples 60, 
61, 75, 100, 126 and 127 in [SS78] are examples of such spaces. 

Proof of Lemma 1.2.4. We assume without loss of generality that f(u>, .) is 
l.s.c. for every u> G Cl. 

Let U be a countable basis of T and let J be the set of pairs (r, G ) such that 
r is a rational number and G G U. For each j = ( r , G ) G J , we set fj = r Iq. For 
each uj G 0, we have 



/(w, .) = sup {fj- j G J, fj < f{u, .)} 

(e.g. adapt the proof of Proposition 3 page IV. 31 in [Bou71]). For each j G J, let 

Ej = {uj G Cl; fj < f(w , .)} . 

We have, for all (u, t) G Cl x T, 

f(aj, t) = sup { l Ej (u)fj {t); j G J} . 

For each j G J, let Bj G S be such that Ej C Bj and P *{Ej) = P {Bj). We set 

/ = sup { t Bj (u)fj{t); j G J) . 

The function / is an integrand and satisfies Condition 1. Let g be an integrand 
such that P-a.e. g(to, .) > f(u>, .). We assume w.l.g. that g > f. For each j G J, 
let 

Cj = {uj G f2; fj < g(u , .)} . 

Each Cj is the complement of the projection on f l of the S £g> ^T-measurable set 
{(w,t) eHxT; fj(t) > g(ui,t)}. Therefore, from the Projection Theorem, since T 
is Suslin, each Cj is <Sp-measurable. Furthermore, we have, for all (u),t) e!lxT, 

g(u, t) > sup { l Cj (ui)fj(t); j G J) . 

As g > /, we have Ej C Cj for each j G J. From the definition of Bj, we thus 
have 

P*{Bj\Cj) = Q. 

As J is countable, there exists a measurable subset fi' of f i such that P(H') = 1 
and Bj n fl' C Cj D fl' for each j G J. For each u> G , we thus have 

/(w, .) < g(u,.). 
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Finally, assume that / is Sp ® ^T-measurable. Then, for every j G J, Ej is 
Sp -measurable and we have P * ( Bj \ Ej) = 0, that is, there exists a P-negligible 
set J\fj such that Ej UA fj = Bj. Let M = U jejAfj- The set J\f is negligible and we 
have f(to , .) = f(co , .) for every lo G Ll\A f. j 

Here is a variant, for random sets, of Lemma 1.2.4. 

Lemma 1.2.5 Assume that T is a second countable Suslin space and let A C 
Ll x T be such that, for a.e. to G Ll, A(lo) G Q . Then there exists G G Q_ such that 

• A(lo) C G(lo) for P - almost every lo G Ll, 

• if B G Q_ satisfies A(w , .) C B(lo, .) for P-a.e. lo G Ll, then G(u >, •) C B(lo, .) 
for P-a.e. lo G Ll. 

Furthermore, if A G Sp ® Bj, then A(lo) = G(lo) for P -almost every lo G Ll. 

Proof. We assume w.l.g. that A(u>) G Q for every lo G LI. Let f = 1 a a nc l 
construct / as in the proof of Lemma 1.2.4. The range of / is contained in {0, 1}, 
thus 

.f(io,t) = sup { 1 Ej (oj)fj(t)\ j = (1, A), A G U} , 

which yields 

/(w, t ) = sup { l Bj ( w)fj{t ); j = (1, A), A G U) . 

Thus the range of / is also contained in {0,1}, which proves that / is the indicator 
function of an element G of Q_. 

Let us now give an easy but useful extension of the second part of Lemma 1.2.4. 
If E is a separable Banach space, with topological dual E*, the following result can 
be applied in the case when T = (E, <r(E, E*)) or when T = (E*,er(E*,E)) because 
the unit balls of E and E* are Suslin metrizable for the topologies induced by 
<j(E, E*) and cr(E*,E) (see Examples 4.3.15 and 4.4.1 for more general situations). 
Note that, in these cases, T is a Lusin space because the identity mapping from 
(E, ||.||) to (E, er(E, E*)) is continuous, but T is not second countable. 

Lemma 1.2.6 Assume that T is the union of a sequence (T„)„ e N of second count- 
able Suslin spaces (for the topology induced by T), which are Borel subsets of T. 
Let f : Lt x T — > [0, +oo] be an Sp (g> Bj -measurable function such that f(io , .) is 
l.s.c. for P -a.e.jjj G LI. Then there exists an S (g> Bj -measurable regularization f 
of f such that f(u>, ■) = f(co , .) for P -a.e. lo G LI. 

Furthermore, if f(u>,.) is continuous for P-a.e. lo G Ll, we can choose f such 
that f(io, .) is continuous for P-a.e. lo G Ll. 

If A G Sp ®Bf satisfies A(lo) G Q for each lo G Ll, there exists G G Q_ such that 
A(lo) = G(co) for P -almost every lo G Ll. 
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Proof. For each n £ N, let f n be the restriction of f on fix T„ and let f n : fix T„ 
be its measurable regularization. There exists a P-negligible set Af n G S such that 
/„(w, .) = f n {w, ■) for every w ^ A f n . Let A f = U n Af n and let us set 

1 y ’ } 0 if u> £ Af. 

Then / is an l.s.c. integrand and f(cu , .) = f(u >, .) for every to fL Af, and thus / 
is a measurable regularization of /. Furthermore, if the set {w £ O; f{u , .) is not 
continuous} is contained in a measurable negligible set Af' , then we can replace / 

by / l(n\Af')xT- 

We then deduce the statements about A £ Sp ® as in the proof of Lemma 

1.2.5. n 

1.3 Narrow and weak convergence of measures on 
a topological space 

As in the rest of this chapter, we give here definitions and results that will be 
needed in the sequel. Complements on the topic of this section can be found in 
Bogachev’s very clear and useful survey [Bog98b]. 

By “measure”, we always mean “bounded nonnegative a - -additive measure”. 
The set of measures on a measure space (f l,S) is denoted by Ad + (fl,<S). For 
any a > 0, we denote by Ad +,a (fl,5) the set of elements /i of Ad + (fl,5) such 
that /a(fl) = a. An element of Ad +,1 (f2,5) is also called a (probability) law. The 
set of Borel bounded measures on T is denoted by Ad + (T), or Ad + (T, tt) if we 
need to precise which Borel er -algebra is taken into account. Similarly, we use the 
notations Af +, “(T) and _M +,a (T,TT). 

An element p of Ad + (T) is tight if, for any £ > 0, there exists a compact 
subset K of T such that p,(K c ) < £, and ji is Radon if, for any B £ Bj, p,(B) = 
sup{/i(A'j; I\ is compact, K C B}. We denote respectively by Af^T) and AdJ(T) 
the sets of tight and Radon measures on T. We have A4 ^(T) c Adf (T). The topo- 
logical space T is a Radon space if every measure on T is Radon (see [Sch73] about 
Radon spaces and Radon measures). It is easy to check that A4 + (T) = M+(T) if 
and only if every compact subset K of T is a Radon space. This is for example 
the case when T is submetrizable, because, in this case, each compact subset of T 
is metrizable, and because each metrizable compact space is Radon (see [Sch73], 
Proposition 6 page 117). 

An element p. of _A/f + (T) is t - regular if, for every downwards filtering net 
(-Fa)agA hr A"(T), we have /r(n a i 7 ' Q ) = inf a p,(F a ). We then have ^(inf Q / a ) = 
inf a /i(/ a ) for any downwards filtering uniformly bounded net (f a )ae a of u.s.c. 
functions on T [Top70b, P15 page XIII]. Every Radon measure is T-regular. If 
T is hereditarily Lindelof, it is very easy to show that every measure on T is 
r-regular. We denote by A4)t (T) the space of r-regular measures on T. 
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Of course, we also use notations such as Ad+’ a (T), Ad J' Q (T) or A4+’“( T). 

For a recent unified treatment of measure theory in topological spaces, with an 
extensive study of the notion of regularity of a measure, see also [Kon97, Kon], 

If t is an element of T, we denote by St the Dirac mass at t. It is sometimes 
convenient to identify St. with t and to write formulae like T C A4 + (T). 

We endow A4 + (T) with the narrow topology , which is the coarsest topology for 
which the function 

f Ad+(T) -> R 

\ p ^ p(f) 

is upper semi-continuous for every bounded upper semi-continuous function / : 
T — > K. (see [Top70b]). A net (p a ) a eA of measures on T narrowly converges to 
a measure /too if and only if, for each open subset U of T, liminf Q ,_ >00 p a {U) > 
Poo (U), and if liuic^oo /i q (T) = /too(T). If this is the case, then lim a ^oo p a (f ) = 
Pooif) for every bounded continuous function /. The topology induced on T by 
the narrow topology (via the identification 1 i— > St) is tj. 

We shall sometimes consider a coarser topology on A4 + (T), namely the weak 
topology , which is the coarsest topology such that, for every bounded continuous 
function / : T — > R, the function 

f Ad+(T) -► R 

1 M M(/) 

is continuous. From the Portmanteau Theorem [Top70b, Theorem 8.1], if T is 
completely regular and if p^ £ Ad+(T), a net (p a ) a eA of elements of A4 + (T) 
converges to p^ for the narrow topology if and only if it converges to /.too for the 
weak topology. Consequently, the weak topology and the narrow topology coincide 
on Ad+(T) if and only if T is completely regular. Indeed, if T is completely regular, 
the equivalence of both topologies on Ad)!" (T) is given by the Portmanteau Theorem 
[Top70b, Theorem 8.1]. Conversely, note that the topology induced on T by the 
weak topology is the coarsest topology on T such that the bounded TT-continuous 
functions are continuous. But this topology coincides with tt if and only if T is 
completely regular (see [Eng89, Example 8.1.19]). 

Note that the set C t, (T) of bounded continuous functions on an arbitrary Haus- 
dorff topological space T may be very poor, even if T is regular, e.g. it may be 
equal to the set of constant functions as in [SS78, Example 92] (Hewitt’s condensed 
corkscrew). In such a case, the weak topology is only the indiscrete topology 
{0, Ad +,1 (T)}. Another interesting example where C& (T) is the set of constants 
is provided by [SS78, Example 75] (irrational slope topology): The space T is 
Hausdorff nonregular, Lusin (because T is countable and every countable union of 
Lusin spaces is Lusin), and its compact subsets are metrizable (because T is first 
countable, see [Eng89, Theorem 4.2.8]). However, some results for an arbitrary 

1 Tops0e [Top70b], who seems to be the inventor of the narrow topology, calls it the “weak 
topology” . Our terminology is that of Schwartz [Sch73] : this allows us to name “weak topology” 
the topology induced by cr(Cb (T/ , C b (T)). 
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topological space T involve only C& (T), not the whole topology tj. Considering 
only the narrow topology would oblige us to restrict ourselves unnecessarily to 
the frame of completely regular spaces. In particular, in Chapter 3 (which is de- 
voted to convergence in probability of Young measures), the weak topology will 
be much more convenient to use. But, by default, A4 + (T) is endowed with the 
narrow topology. 

Let A be a subset of T. The space A4 + (A) can be considered as a subspace 
of A4 + (T). Indeed, let M\{ T) be the set of elements p of A4 + (T) such that 
p*(A c ) = 0 (where /i* denotes the inner measure associated with /./) . The Borel 
er-algebra of A is Ba= {Bn4;ll€ Bj}. With each Borel measure p € M + (A), 
we can associate the Borel measure p G Af j((T) defined by 

MB G B t p{B) = p(B n A) 

(thus, if if is the canonical injection from A to T, we have p = if$(p), where 
if$p denotes the image by if of the measure p). Conversely, if p G Af^T), the 
restriction p of the outer measure p* to Ba is a Borel measure on A. This is a 
mere exercise if one notices that 

(1.3.1) VB G Bj p(BDA) = p(B). 

This shows that p = p for each p G A4 + (A) and v = v for each u G A4j)j(T), 
thus p i— > p is a bijection from M + (A) to A^^(T). Furthermore, let ( p a ) a eA be 
a net in A4 + (A) and let p a Q G M + (A). Using again (1.3.1), we see that (p a ) ae a 
narrowly converges to p ^ in A4 + (A) if and only if (p a ) a eA narrowly converges to 
Poo in We have thus proved the first half of the following lemma. The 

second half is left to the reader. 

Lemma 1.3.1 For any subset A of T, the space Ai + (A) ( endowed with the narrow 
topology) is homeomorphic to the subspace A4j((T) of A1 + (T) through the mapping 

p i— ► p. 

Furthermore, for any p G A4j((T) and for any bounded measurable function 
f : T — > R, we have 

M/) =Hf\ A h 

In the sequel, we shall identify A4 + (A) and Afj^T). 

When T is completely regular, many topological properties of the space T also 
hold for Af+^CT), endowed with the weak topology. We mention below the topo- 
logical properties of A4 +,1 (T) that will be needed in the sequel. Other properties 
can be found in e.g. [Kou81, HK99] (see also the bibliography in [Bog98b, Section 
8-5]). 

The most obvious property is that, if T is completely regular, then the weak 
topology on Ad+’^T) is also completely regular. Indeed, it is induced by the 
semidistances (p, v) i— > | p(f) — v{f) |, where / runs over the set C& (T) of bounded 
continuous functions on T. 
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If T is a metrizable space, then the weak topology on A4 + (T) is metrizable 
(see Section 1.4 about the equality M + {T) = _A4 + (T) when T is not separable). 
In particular, if d is a distance which is compatible with the topology of T, then 
the weak topology on _A4 + (T) is generated by the Dudley distance defined 
as follows (see [Dud66]): Let BL^Tjd) be the set of bounded Lipschitz functions 
/ : T — > R. such that maxdl/H^ , ||/|| L (d)) < 1, where ||/|| L (d) is the infimum of 
all r > 0 such that / is r-Lipschitz for d. We then set, for p,, v £ A4 +,1 (T), 

A bl(m, v) = sup \p(f) - v{f) | . 

/£BLi(T,d) 

If T is a separable metric space, there exists a totally bounded distance d which is 
compatible with T (see e.g. [Eng89, Par67], actually the condition of separability 
is also necessary). In this case, the space C„(T, d) of d-uniformly continuous 
functions on T, endowed with the topology of uniform convergence, is separable. 
Similarly, BLi(T, d) is separable. There exists thus a countable set {/*,; k € N} 
of bounded continuous functions on T (which may be chosen in C U (T, d) or in 
BLi(T, d)) such that the topology of _Ad +,1 (T) = _A4+ ,:L ( T) is the coarsest topology 
such that the mappings v i— > i/(/ fe ) (k € N) are continuous (see [Par67, Dud76, 
Dud02]). 

Let us also recall that, if T is Polish, then A4 +,1 (T) = AI^" ,:L (T) is also Polish 
(see e.g. [Par67, Pro56]). Furthermore, if S is a Suslin space and 7r : S — > T 
a surjective continuous mapping, then the mapping /x i — >• 7T(| /x from A4 +,1 (S) to 
_A4 +,1 (T) is surjective [Sch73, Theorem 12 page 126], where 7Tjj p denotes the image 
by 7 r of the measure \x. Thus, if T is Suslin (resp. Lusin), then A4 +,1 (T) is also 
Suslin (resp. Lusin) [Sch73, Theorem 7 page 385]. 

Thanks to Calbrix-Beslagic Embedding Theorem (see page 5), we can deduce 
a similar conclusion for cosmic regular spaces. 

Proposition 1.3.2 IfT is cosmic regular, so is A4 +,1 (T). 

Proof. From Calbrix-Beslagic Embedding Theorem, T is a subspace of a Lusin 
space §. We have A4 +,1 (T) c Af +,1 (S) (see Lemma 1.3.1), and At +,1 (S) is Lusin, 
thus A4 +,1 (T) is cosmic. Furthermore, the space T is completely regular, thus 
_A4 +-1 (T) is also completely regular. 

Let us return to the case when T is a completely regular space. Let I? be a set 
of continuous semidistances on T which induces the topology rt of T. For each 
d G V, let S<j be the quotient metric space (T/d, d) and let 7r d be the canonical 
projection T — > S^. The topology tj is the initial topology [Bou71] for the system 
(Sd, 7Td)dgD, that is, Tf is the coarsest topology such that the mappings ir^ are 
continuous. Equivalently, a net (t a ) ae a converges to an element t ^ if and only if, 
for each d G V, the net (ird{ta))ae A converges to ’ndit 00 ). 

Lemma 1.3.3 Assume that T is completely regidar. LetV be an upwards filtering 
set of continuous semidistances on T which induces the topology of T. With the 
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above notations, the narrow topology on ,A4 + (T) is the initial topology for the 
system (M + ( Sd), M •— > {'K d )^{p))de'D- 

Proof. Let (p a )aeA be a convergent net in _A4 + (T) and let p^ be its limit. Let 
d € V. Let / be a bounded continuous function on S<j. Then f o ir d is a bounded 
continuous function on T, thus 

lim(7rA p a (f) = lim p a (f o TT d ) = p ^ (/ o n d ) = ( n d ) t p<x,{f). 

ot H a. H 

Thus ((7r<i)jj Pa)ae A converges to ( 71 -^ p x in Af+(§d). 

Conversely, assume that p a )ae a converges to {n d )q p^ in _A/f + (Sd) for 

each d G V. We make a slight adaptation of Topspe’s proof of Portmanteau 
Theorem for narrow convergence [Top70b]. Let F € F(T). For each d £ V, let us 
denote by BL(T,d) the set of bounded d-Lipschitz functions on T. Then we have 
F = r\ d £T>F d , where F d denotes the closure of F with respect to d. But, for each 
d € V, we have 

V = /n. 

1 n> 1 

where 

fn(t) = 1 ~ n (d(t,F) A 
As G BL(T, d), we thus have 1 F = inf H, with 

W = {/GC 6 (T);3dGP / e BL(T, d), 1 F < f < 1} . 

The set H is downwards filtering, thus 

= inf p°°(f) = inf lim p a (f) 

Jkn J&rl a 

> lim sup p a (F). 



□ 

Remark 1.3.4 (Initial topology and projective limit) With the hypothe- 
sis and notations of Lemma 1.3.3, if furthermore T is Suslin and T> is an up- 
wards filtering set of continuous distances which induces the topology it, then 
the topological space A4 + (T) is the projective limit (or inverse limit) of the sys- 
tem (A4 + (S d ), p i— > (TT d )^(p)) de 'D (see e.g. [Eng89] about inverse limit of topo- 
logical spaces, and [Par67, HJ91] about inverse limits of measures). Indeed, for 
each d £ V, the set coincides with T, the mapping T: d is the identity map- 
ping, and the Borel a algebra Bs d is the same as By, thus the sets At +,1 (Sd) and 
_A/f +-1 (T) are equal. Furthermore, as T and Sd are hereditarily Lindelof, we have 
M+’^Sd) = Af+’ 1 ( S d ) = M+’^T) = M+’^Y). 
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1.4 Measurable cardinals 

and separable Borel measures 

We say that a cardinal number m is (real-valued) measurable if, for any set S of 
cardinal m, there exists a probability measure on the algebra of all subsets of S 
such that every countable subset of S has measure 0. 

Clearly H 0 is not measurable and, if n is not measurable and m < n, then m is 
not measurable. It is known that it is consistent with the usual axioms of math- 
ematics (ZFC) to assume that there exists no measurable cardinal. Furthermore, 
under the continuum hypothesis, the cardinal c is not measurable (see a short 
proof in [Dud02, Appendix C] or in [HJ99]). On the other hand, it seems un- 
known whether it is consistent with ZFC to assume that there exists a measurable 
cardinal. More details on measurable cardinals can be found in [Jec78]. 

The assumption that no measurable cardinal exists has nice consequences in 
probability theory. We say that a measure /i on the u-algebra of a metric space T 
is separable if there exists a separable Borel subspace T 0 of T such that /i(T 0 ) = 1. 
Marczewski and Sikorski [MS48] proved that, for a metric space T, the following 
conditions are equi valent: 

(а) There exists a dense subset of T with non-measurable cardinal. 

(б) Every Borel probability measure on T is separable. 

Proofs of this result, along with discussions about its consequences, can also be 
found in [Bil68, Appendix III] (where it is formulated in a slightly different way) 
or in [BK83]. 

So, we can safely assume that every law /i on any metric space T is separable, 
in particular p is inner regular w.r.t. the totally bounded subsets of T, that is, for 
every B G Bf and every e > 0, there exists a totally bounded set K C A such that 
H(A \ K) < e [Dud02, Theorem 7.1.4]. In particular, we have A4 + (T) = A4 + (T) 
and the weak and narrow topologies coincide on A4 + (T). 

The price to pay for this nice situation is that the Borel er-algebra of a nonsepa- 
rable metric space is often “too big” , and there are rather “few” Borel probability 
measures on a nonseparable metric space T, that is, one is likely to deal with 
measures on smaller er-algebras (see e.g. [Dud76, vdVW96] for examples involving 
empirical processes). 




Chapter 2 



Young measures, 

the four stable topologies: 

S, M, N, W 

2.1 Definitions, Portmanteau Theorem 

We call Young measures the elements of the set 

;V 1 (f2, l S,P;T) = {n € -M +ll (f2 x T W1 e 5, n{A x T) = P(A)} . 

When no confusion can arise, we omit some parts of the information and use 
notations such as J ;1 (T) or 3^ 1 (P) or simply y 1 . 

Young measures generalize random probability measures, random elements, 
and they also generalize probability laws on T. Let us have a first look at these 
special subsets. 

• 3 ; dis( T ): We denote by 5, P; T) (for short, ^(T), ^d is ( p ) or D^ is ) 

the set X (Af +,1 (T)) of random elements /x. : ui e- > fi u of _A/f +,1 (T). It is very 
easy to check that a mapping /x. : um — > /x w , » _Ad +,1 (T), is measurable if 

and only if, for each B £ Bj, the mapping u> e- > is measurable. 

With each /i. £ 3d| is , we can associate a unique probability measure 

/x = / 8 U (E» /x u dP(w) G y 1 
■hi 

(where 5^ denotes the Dirac measure concentrated on u>), that is, fi(AxB) = 
f A Hu(B)d P(w) for all (A,B) € S x Bj. The mapping /x. i — /x is injective, 
because we have defined random elements as equivalence classes. We shall 
thus identify 3^j is with a subset of y l and call its elements disintegrable Young 
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measures. If T is a Radon space (that is, if every law on T is Radon), then 
^dis = y 1 > thanks to the Disintegration Theorem (see [HJ71, Val72, Val73]). 

• X(T): With each random element X of T, we can associate the disintegrable 
Young measure S x ■ a: i— > Sx(u,)- Thus £(T) can be seen as a subset of 
3 7 dis(1')- We have 

lx = j S w ® lx( u ) dP{u>), 

the latter notation being more convenient when we need to emphasize the 
underlying measure P. Young measures of the form S x will be called de- 
generate Young measures. As degenerate Young measures are parametrized 
Dirac measures, they are also sometimes called Dirac Young measures. 

• Af +,1 (T): The set Af +,1 (T) can be embedded in (y^is T we associate with 
each v £ _M +,1 (T) the constant random measure u >—> is. The corresponding 
Young measure is p = P (g> v. Such a measure ji is called a homogeneous 
Young measure. 

• T: If we identify X(T) and Af +,1 (T) with their corresponding subsets in 
(y,) is (T), then T will be naturally identified with X(T) H Af +,1 (T). 

We shall consider these embeddings from a topological point of view in Section 
2.2. The embedding of X(T) in (Vdi s (T) be studied more in depth in Chapter 
3, which is devoted to convergence in probability of random laws. 

We endow the set y 1 with four different topologies, called stable topologies, 
which coincide in most applications: a strong one r-yi , two intermediate topologies 
Tyi and r-yi, and a weak one r-yi. In the Portmanteau Theorem 2.1.3, we shall 
compare them precisely and give some simple necessary and sufficient conditions 
for a net to converge in one or another of these stable topologies. 

• The topology r-yi is the coarsest topology for which the functions 

f y 1 -* r 
l m ^ M/) 

are l.s.c. for every bounded l.s.c. integrand / on II x T. This means that a net 
{L a )aeA of elements of y 1 converges to a young measure n°° if and only if, 
for each normal L 1 -bounded integrand /, we have liminfo, p a {f) > 

We call this topology topology of S-stable convergence (for short S-stable 
topology) on y 1 . As usual, if we need to precise what is the underlying 
topological space, or the underlying probability, we use notations such as 
Tyi^ or Tyi^p). A subbase for r-yi is given by the sets 

W(/,r) = {/i£ y 1 ; n(f) > r} 

where / is a normal L^^-bounded integrand and r €E R. (that is, each open 
subset of y 1 is a union of finite intersections of sets U{f, r)). 
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• The topology r“i is the coarsest topology for which the functions 

r y 1 -► r 
\ i l ^ M/) 

are continuous for every bounded continuous integrand / on fl x T. We 
call it topology of M-stable convergence (or M-stable topology) on y 1 . Thus 
(^ a ) a6 A M-stably converges to /z°° if and only if, for any bounded continuous 
integrand /, we have lim Q /z°(/) = /z°°(/). 

• The topology Tyi is the coarsest topology for which the functions 

r y 1 -> r 

\ p. n{ t A ® /) 

are l.s.c. for every and every bounded l.s.c. / on T. We call it topology 

of N-stable convergence (or N-stable topology) on y 1 . A net (/x“) a g a N- 
stably converges to ^t°° if and only if, for each A € S, the net (/x“(A x .))aeA 
of elements of A4 + (T) narrowly converges to p°°(A x .). 

• The topology Ty) is the coarsest topology for which the functions 

f y 1 -* r 

\ n n( \ A ® /) 

are continuous for every and every bounded continuous function / on 

T. We call it topology of W-stable convergence (or W-stable topology) on y 1 . 
A net (p. a ) ae A W-stably converges to p°° if and only if, for each A G S, the 
net (n a (A x .))«eA of elements of Ad + (T) weakly converges to p°°(A x .). 

We thus have the following obvious arrows, which represent implications: 

T^,! -convergence > r^i -convergence 



t^! - convergence > r-^i -convergence 

(to remember the notations for the two intermediate topologies Ty, and Ty i , the 
reader may think that “M” stands for “medium” and “N” for “narrow”). The 
topologies Tyi and Ty X coincide when T is completely regular and the elements of 
Ad +-1 (T) are r-regular, e.g. T is Suslin regular or T is metrisable and contains 
a dense subspace with non -measurable cardinal, see Section 1.4 (recall that the 
weak and narrow topologies coincide on A4^"(T) if and only if T is completely 
regular, see Section 1.3). Note also that, when T is not completely regular, Ty) is 
not necessarily Hausdorff. 
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If ( M “) aS A is a net of elements of y 1 which *-stably converges to an element 
p°° of y 1 (* = S, M, N, W), we write 

a *— stably qq 

H* * n 

For simplicity, if (X a ) is a net of random elements of T, the expression u (X a ) 
*-stably converges to p°° v will be used for “(S x ) *-stably converges to p°°” . 

When all four stable topologies coincide, we skip the symbols S, M, N, W or 
*, and we write, e.g., that {p a ) a stably converges to /it 00 , or p a - s a y - > p°°. 

Remark 2.1.1 We shall give later conditions for these four topologies to coincide 
on y l or on some particular subsets of y [ . This will be done especially in Port- 
manteau Theorem for Stable Topology 2.1.3, where it is shown that they coincide 
if T is Suslin metrizable, and in Chapter 4 where it is shown e.g. (see Corollary 
4.3.7) that, if T is a Suslin regular space, or a completely regular Prohorov space 
whose compact subsets are metrizable, these topologies share the same compact 
subsets, thus the same convergent sequences. If T has too few continuous func- 
tions, e.g. if all continuous functions are constant and T has more than one element 
(see Section 1.3), then obviously r-yi is strictly finer than r^, and Ty| is strictly 
finer than Ty X . However, in the completely regular case, even if T is Suslin, we 
do not know whether the topologies Ty 1} Tyi, Tyi and Ty i can differ. 

If in the above definitions we restrict the test functions to be W(g>l?T”measurable, 
for some sub-cr-algebra U of S , we then speak of U -^-stable convergence, * = 
S, M, N, W. If U S , the topology of W-*-stable convergence is obviously not 
Hausdorff. For example, if A £ S \ U and if 1 1 and C are distinct elements of T, 
the Young measures lU£ tl + 1.4<=5 t and E u ( 1a) S t + E u ( 1a<=) S t are different, 
but they cannot be separated by any set of U® By -measurable functions. Actually, 
W-*-stable convergence provides a bridge between *-stable convergence of Young 
measures and weak or narrow convergence of their margins on Cl: If U= {0, Cl} 
and * = W, M (resp. * = S,N), a net (/x Q ) a6 A of elements of y 1 U -*- stably 
converges to a Young measure p°° if and only if the net of margins (p a (Cl x .)) a eA 
in A4 +,1 (T) weakly (resp. narrowly) converges to p°°(Cl x .). 

The terminology of “stable convergence” stems from Renyi [Ren63, RR58], 
who observed that this convergence behaves like narrow convergence plus some 
nice stability properties (see Proposition 9.2.2). We prefer to use this terminology 
rather than that of “narrow convergence of Young measures” , to stress the differ- 
ence with the narrow topology on the space of measures on a topological space. 
Although, in the definitions, *-stable convergence looks like a parametrized narrow 
or weak convergence, it will appear in Chapter 3 that ^-stable convergence gen- 
eralizes both narrow or weak convergence and convergence in probability (see the 
title of [JM81b]). Furthermore, it is very convenient to say that a sequence {X n ) n 
of random variables *-stably converges if the sequence (6 x )n *-stably converges. 
This is much more convenient than to say that ( X n ) n “narrowly converges” (one 
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would think that (. X n ) n converges in law) or that (X n ) n “weakly converges” (one 
would think that (X n ) n converges for cr( L,L°°)). 

The following lemma will be extended in Corollary 2.1.9, in the case * = W. 

Lemma 2.1.2 (Stable topology relative to the completed a -algebra) As- 
sume that T is the union of a sequence (T„)„ 6 n of second countable Suslin spaces 
(for the topology induced by T) which are Borel subsets of T, this is the case if 
e.g. T = (E, <r(E,E*)) or T = (E*, cr(E*,E)) for some separable Banach space 
E. Let us identify each p £ y 1 with its unique extension in 3P(f2,,S£,P*). For 
* = S, M, N, W, the topology Ty X remains unchanged if we replace (12, S, P) by 
^ 5*, P*). 

Proof. Obvious in view of Lemma 1.2.6. ''H 

The following key theorem is an adaptation of the classical Portmanteau Theo- 
rem for narrow convergence of laws on a topological space as in [Top70b] (see also 
[Bil68] for the metric case). Part G, where W-stable convergence implies S-stable 
convergence, is also known as the Semicontinuity Theorem (see also Proposition 
2.1.12). 

Recall that a portmanteau is a very large suitcase which can contain a lot 
of clothes. Using simple compactness arguments, we shall add extensions to this 
portmanteau in Theorems 2.1.13, 4.3.8 and 4.5.1 (see also Corollary 2.1.4). A 
probabilistic point of view will be presented in Proposition 9.2.2. A synthesis on 
the Semicontinuity Theorem is given in Table 1 page 112. 

Theorem 2.1.3 (Portmanteau theorem for stable convergence of Young 
measures) Recall that T is a Hausdorff topological space. Let (p a ) a( z& be a net 
of elements of y 1 and let p°° £ y 1 . Let C be a set of nonnegative S -measurable 
bounded functions which is stable under multiplication of two elements, which con- 
tains the constant function 1, and which generates S (e.g. C may consist in the 
indicator functions of the elements of a subset of S which is stable under finite in- 
tersection, which contains 12, and which generates S). If f £ C and g is a function 
on T, we denote by f (gig the function on LI x T defined by (f®g)(u>,t) = f(u)g(t). 
For any p £ y 1 and any f £ C, we denote by p(f ® .) the measure v £ A1 + (T) 
defined by v(B) = p(f ® 1^) for any B £ Bj. 

A ) The following 6 conditions are equivalent: 

. f-y S— stably f-v-\ 

1 . > ( 1 . 

2. liminf a p a (f) > p°°(f) for any normal L 1 -bounded integrand f. 

3. limsup Q p a (f) < p°°{f) for any L 1 -bounded u.s.c. integrand f. 

4- liminf a p a (f) > p°°{f) for any normal L 1 - bounded integrand f such 
that 0 < / < 1. 

5. lim inf Q p a (G) > p°° (G) for any G £ Q_. 




24 



CHAPTER 2. THE FOUR STABLE TOPOLOGIES 



6. limsup Q n a {F) < /j,°°(F) for any F £ T_. 

B) Furthermore, each of Conditions 1 to 6 implies Conditions 1 and 8 below, 
which are equivalent. 

/V o M— stably 

7. /i > fi . 

8. lim Q fi a (f) = M°°(/) for any L 1 -bounded continuous integrand f . 



C) Each of Conditions 1 to 6 implies Conditions 9, 10 and 11 below, which are 
equivalent. 



10. lim inf a pC (/ 0 g) > n°°(f®g) for any f £C and for any bounded l.s.c. 
function g on T. 

11. For every f £C, the net (//*(/ ® -))aeA in A4 + (T) narrowly converges 

to /i°° (/».)• 



D) Each of Conditions 1 to 11 implies each of Conditions 12 to If below, which 
are equivalent. Furthermore, if T is completely regular, ifU is any uniformity 
on T which is compatible with the topology of T, and if x .) £ A4 + (T), 

then Conditions 9 to 15 are equivalent. 



13. lim Q (J, a (f ® g) = n°°(f ® g) for any f £ C and for any bounded contin- 
uous function g on T. 

If. For every f £ C, the net (fJ. a (f ® -))aeA in A4 + (T) weakly converges to 

15. lim Q /i a (f ® g) = H°°(f ® g) for any f £ C and for any bounded U 
uniformly continuous function g on T. 



E) Assume that T is hereditarily Lindelof and regular (thus completely regidar). 
Assume furthermore that T is separable (or that T contains a dense subspace 
with non-measurable cardinal, see Section l.f and also Remark 1.1.3). Let 
V be a set of semidistances which induces the topology of T and which is a 
upwards filtering (if we assume furthermore that T is submetrizable, e.g. T 
is cosmic regular, then we may take for V a set of distances on T). Then 
Conditions 9 to 15 are equivalent to Conditions 16 to 18 below. 

16. - w stab - > in J ;1 (T, d) for any d £ V. 

17. lim Q //*(/ ® g) — n°°(f ® g ) for any f £ C, for any d £ V and for any 
bounded d-uniformly continuous function g on T. 

18. lim Q //*(/ 0 g) = n°°(f ®> g) for any f £ C, for any d £ V and for any 
bounded d-Lipschitz function g on T. 
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F) Assume that T is Suslin regular. Let V be a set of distances which induces the 
topology of T and which is a-upwards filtering. Then Conditions 9 to 18 are 
equivalent to Condition 19 below. 

19. p a - ’ tabl - > n°° in 3^ 1 (T, d) for any d G V. 

G) Assume that T is metrizable and Suslin. Let d be a distance which is com- 
patible with the topology of T. Then Conditions 1 to 19 (with V = {rfjj are 
equivalent. 

We shall give several corollaries later, but let us immediately give the following one, 
to compare with Parts D and E. A similar result, without separability condition, 
will be given in Proposition 2.1.10. 

Corollary 2.1.4 Assume that T is completely regular and separable. Let (/z “) ae a 
be a net in y 1 which W-stably converges to a Young measure n°° £ y 1 . Let d be 
a continuous semidistance on T and let f be a bounded d-uniformly continuous 
integrand. We have 

limfj, a (f) = fi°°(f). 

a 

Proof. Let S be the completion of the quotient space T/d. We denote by tt the 
canonical mapping T — > S. Define the corresponding mapping tt_ on D x T: 

j f!xT -> ft x S 
| (W,t) (W,7T 0)). 

There exists a bounded uniformly continuous integrand / defined on Cl x § such 
that / = / o 7T. We have 



/ Q\ W-stably / OO \ 

A# (M ) * Kj) (H ) • 

But S is Polish thus, from Part G of Theorem 2.1.3, 

(n To (m°°) • 

In particular, we have 

lim n a (f) = lim7r # {n a ) (/) = 7r # (/x°°) (/) = /x°°(/). 

ot a. ** H 



□ 
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Proof of Theorem 2.1.3. 



A) 1 <t=> 2 follows directly from the definition of S-stable convergence. 

2 <t=> 3, 2 =t- 4, 5 <t=> 6 and 2 =t- 5 are obvious. 

5 =t> 4. Note that, if g : O, x T — > R. is any measurable function such that 
0 < g < 1, we have, for any p, € y l , 



1 

n 



n— 1 



Y M is > k/n} 



k = 1 



> Kg) > 



^ / L — JL 

- y] L {g > k/n} . 

k = 1 



Let / be a normal L-bounded integrand with 0 < / < 1. We have, for any 
integer n > 1, 



f 1 n_1 

liminf n a (f) > liminf < — [i a {/ > fc/nl 
a a n ' 

K k = 1 

1 n— 1 

> — liminf fi a {/ > k/n} 
n z — ' a 

fc=i 

- n— 1 

> — ^ /.<°° {/ > fc/n} (from Condition 5) 

n fc= l 

> M°°(/) - 

thus lim inf a fi a (/) > /z°°(/). 

4 => 1. If / is a normal L^-bounded integrand such that a < f < b for 
some fixed real numbers a and 6, Condition 4 applied to (/ — a) / (b — a) yields 
the result. Assume now that \f(co,.)\ < 4>(u>) for some integrable function 
4> : O — > R. and for every u> £ 0,. Let e > 0. There exists c > 0 such that 
h>c 4>d P < e. We have, for any index a € A U {oo}, 

\K(fh>c)\ < h>c) = P(01*> c ) < e, 

thus 



liminf n a {f) > liminf 1^< C ) + liminf //*(/ 1^ >C ) 

ck oc ct 

> M°°(/^<c) - ^ 

= M°°(/)-M 00 (/l* > c)-e 

>M°°(/)- 2s, 

B) The implications (2 and 3) =>• 8 =>• 7 are obvious. The implication 7 => 8 can 
be easily obtained by the same trucation method as for 4 => 1. 
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C) The implication 2 => 9 is obvious. Furthermore, in the case when C = 
{ 1a', A G S}, the equivalences 9 <G> 10 <t=> 11 are immediate consequences 
of the definition of r^i and of the definition of narrow convergence on Ad + (T). 
There remains to prove that Conditions 10 and 11 are independent of the 
choice of C. 



Let us denote by Meas the set of bounded measurable functions on Cl. It is 
clear that Condition 11 is implied by 



11'. For every f G Meas, the net (/^ a (/<8> .)) a gA in A1 + (T) narrowly converges 
to n°°(f <g> .). 



So, we only need to prove the implication (11 => ll 7 ). 



We shall prove this implication by using a Functional Monotone Class The- 
orem. A set £ of bounded measurable functions on Cl is called a monotone 
vector space [Sha88, Appendix A] if (i) it is a vector space over R, (ii) it con- 
tains the constant functions and (iii) it is stable under monotone limits of 
uniformly bounded sequences. The Monotone Class Theorem asserts that if 
£ is a monotone vector space and if Tt is a subset of £ which is stable under 
multiplication of two elements, then £ contains all bounded functions which 
are measurable for the a- algebra generated by TL (this theorem is proved in 
[DM75, Tlreoreme 21, page 20], with the extra hypothesis that £ is stable under 
uniform convergence, but it appears that any monotone vector space satisfies 
this condition, see [DM83, page 231] or [Slra88]). Let £ be the set of elements 
/ of Meas such that lim Q g, a (f ® g) = /z°°(/ ® g) for any bounded continuous 
function g on T. We have C C £, and £ is a vector space which contains the 
constant functions. To prove that £ = Meas, we only need to prove that £ 
is stable under monotone limits of uniformly bounded sequences. Let (/ n ) ra gN 
be an increasing sequence of elements of £ such that / := sup n6N /„ G Meas. 
By adding a constant, we assume w.l.g. that /o > 0. Let g be a continuous 
function on T, with 0 < g < 1. Let e > 0. There exists an integer rig G N such 
that P(/n 0 ) + e > P (/). We thus have, for any g G y 1 , 



0 <tl(f®g)~ nifno ® 9) = M((/ - fno ) ® g) < P (/ - /no) < £, 
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and therefore 

lim sup n a (/ <g> g) < lim g a (/„ 0 <g ) g) + e 

a. a 

< M°°(/Gs) + £ 

= sup fJ°°{fn®g)+£ 

nSN 

= sup lim n a (f n <g> g) + £ 

nSN “ 

< lim inf sup fj, a (f n (g> g) + e 

a n6N 

= lim inf fx a (/ <g) g) + e. 

a 

As £ is arbitrary, this proves that / £ £. Thus £ = Meas. 

D) The implications 7 =>• 12 and 9 =>■ 12 are obvious. 

The equivalence 13 14 is an immediate consequence of the definitions, as 

well as, if C = { In; A € 5}, the equivalence 12 <t=> 13. 

The proof that Condition 14 does not depend on the choice of C is the same 
as in Part C. 

If T is completely regular and if (LI x .) G A4+ (T) , Condition 15 is equivalent 
to Conditions 11 and 14 by the classical Portmanteau Theorem for narrow 
convergence of Borel measures on a topological space (see page 13 and [Top70b, 
Theorem 8.1]). 

E) As T is hereditarily Lindelof, we have n OQ (flx .) G A4+ (T), thus the conclusions 
of Part D hold true. 

The equivalence of Conditions 17 and 18 with Condition 16 comes from the 
Portmanteau Theorem for narrow convergence of measures on a metric space: 
see e.g. [Dud76, Dud02] for the case when T is separable. In the nonseparable 
case, the equivalence 17<t=>16 is provided by [Top70b, Theorem 8.1], and the 
equivalence 18<t=>16 by [HJ91, Corollary 7.12]. 

The implication 12 => 16 is obvious. Assume 16, let f £ C and let g : T — > R. 
be bounded continuous. From Lemma 1.1.2, there exists a continuous semidis- 
tance d £ V such that g is d-continuous (from Remark 1.1.1, if T is sub- 
metrizable, we can take for d a distance). Thus, by Condition 16, we have 
lim Q /x“(/ <g> g) = g°°(f <g) g), which proves 13. 

We now prove G, which we will use in the proof of F. Note that, when T is Suslin, 
we have A4 + (T) = A4+(T), which ensures that g °°( . x T) e A4+(T). 

G) (First step) In this step, T need not be Suslin (but then, we assume that 
H°°(. x T) € A4 + (T)). As T is separable metrizable, the results of Parts D 
and E apply. Thus Conditions 12 to 18 are equivalent. In particular, these 
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conditions are independent of the choice of C. We can thus assume without 
loss of generality that C = {1a] A £ S} . 

Let us prove that Condition 17 implies 

7'. lim a ^ Q (/) = n°°(f) for any bounded uniformly continuous integrand /. 

As Condition 17 is equivalent to Condition 12, which is independent of the 
choice of d, we shall assume wd.g. that (T, d) is totally bounded (see [Eng89, 
Par67] for the existence of such a distance). Then the space C u (d), endowed 
with the topology of uniform convergence, is separable (this is the main argu- 
ment in this part of the proof). Following the notations of [JM81b, JM83], we 
denote by B m the set of bounded measurable functions on 12 x T and we set 

®mc = { 0 /; A £ S, f € C u (d)j , 

Bmc = {f=J2 lA n ® fn, 
ne N 

/ G Bm, Vn, me N 1 a„ 0 fn G B,«, (n ^ m => A n n A m = 0)}, 

Bmc = {/ G B m ; Vw G 12 f(u ), .) G C„(<i)} . 

So, Condition 17 reads 

lima M a (/) = H°°(f) for any / G Bmc- 

Let / = E„ 6 n 1a u ® fn G Bm C , with (A„) neN a measurable partition of 12, 
and let us prove that lim Q n a (f) = 

Let a = sup ( t)6nxT |/(w,i)|. For each e > 0, choose an integer n(e) such 
that P(U i>n ( e )Ai) < el a. Let g s = J2i< n (e) 0 fi- For any g G y 1 , we have 

IM/)-M(Se)l= ® fi)\ < £■ 

i>n(e) 



But, for each e > 0 , we also have lim a /j, a (g s ) = n°°(g e ). Thus lim a g, a (f) = 
M°°(/)- 

Now, let / G Bmc- Let (f n )nen be a dense sequence in C u (d) (recall that (T, d) 
is a totally bounded metric space). For each £ > 0 and each n G N, set 

B e n = {w G 12; sup t) - f n (t) | < £}. 

teT 

Define (A e n ) neN inductively by Ag = Bg and A e n+1 = Bg +1 \ U 0 <i<„Bf . Let 
f e = E„eN 0 f n - Then f s G B^ c , thus lim a g a (f e ) = g°°{f £ ). But we 
also have sup 0xT | / — / £ | < e, thus, for any g G |/i(/) — ^(/ e )| < e - Thus 
lim Q /x Q (/) = g°°(f), which proves Condition 7'. 
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G) (Second Step) Note that, in our current setting, Condition 19 is equivalent 
to Condition 1. So, to complete the proof of Part G, we only need to prove 
the implication T => 6. 

Now, from Lemma 2.1.2, as T is Suslin and second countable, we can assume 
w.l.g. that (fl, S, P) is complete. 

Assume T and let F G T_. We shall approximate the integrand Ip by elements 
/ of Bm C such that / > lp (recall that B^c is the set °f bounded d-uniformly 
continuous integrands on LI x T). 

From the Projection Theorem, the set U' = {u £ LI; F(u>) ^ 0} is S 
measurable. We shall assume w.l.g. that f V = LI. 

Let (cr„)neN be a Castaing representation of F. that is, each a n is a measurable 
mapping from Ll to T and F(u>) is the closure of {cr„(w); n G N} for every 
u> € LI. Let d £P. The function 



9d ■ (w,t) >-> d(t,F(u>)) = inf d(t,a n (u>)) 

nSN 

is an integrand. From Lemma 1.2.2, for each e > 0, the set 



G d,e = {(u,t) GLlx T; d(t,F(u)) < s} 

= U neN {(w,t) G Ll x T; d(t,a n (u)) < ej 



is in Q. Let £ > 0 and define an uniformly continuous integrand e by 



/ d , £ (w,t) = 

We thus have 
and 



1 

{l/£)(e- g d (u>,t)) 

0 



if (w, t) G F 
if 0 <g d (u,t)<£ 
if gd(v,t)>s. 



If < fd,e < ^G d ’ e > 



H°°(F) = inf n°°{G d ' 1/k ) 
k> 1 

> jnf M°°(/d,i/fe) 

k> 1 

> inf {/i°°(/); / G Bm C , / > If} 

= inf {lim //*(/); / G B 3 mc , f > If} 

> limsup (inf { //*(/);/ G B? nc , / > If}) 

a 

> limsup/^ Q (F), 

CX 



which proves Condition 6. 
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We can now prove F. 

F) As T is cosmic regular, the results of E apply, thus Conditions 9 to 18 are 
equivalent. Furthermore, by Part G, for any d £ T>, 19 is equivalent to 16. 

□ 

Remark and Definition 2.1.5 (Extension of rj)i to the space of measures 

on ($7 x T, S (g> By)) . Let us call extended S-stable topology and denote by the 
coarsest topology on M + {0 x T, 5(g) Bj) such that the mapping /z i— > p(f) is l.s.c. 
for any l.s.c. bounded integrand /. 

Similarly, for * = M, N, W, we can define the extended *- stable topology t* m . 
Obviously, y 1 is closed in A4 + ($7 x T,<S (g> Bj) for t* m , * = S,M, N, W. 

Note that, in Parts A and B of the proof of Theorem 2.1.3, we did not use 
the fact that all elements of y 1 have the same marginal P on $7; we used this 
hypothesis in C and D, when we applied the monotone class theorem, but we can 
dodge this part of the proof if we assume a stronger hypothesis on C, e.g. that C 
contains all indicator functions l a ( A £ S). If we modify the hypothesis on C 
in this way, Theorem 2.1.3 extends to _A/f +,1 ($7 xT,5 ® 73t), with the topologies 
induced by t " m , * = S, M, N, W. 

Furthermore, it is easy to adapt the proof of Theorem 2.1.3 to (A4 + ($7 x T, 5(g) 
Bt),t‘ m ) ( see [RdF03]). Besides the above mentionned modification, we only need 
to add in Conditions 5 and 6 that lim a yz Q ($7 x T) = /z°°(f l x T). 

The topologies and are particular cases of the w-topology defined by 
Topspe [Top70a] on an abstract set endowed with some pavings A, (y and T_. We 
shall apply Topspe’s results on compactness in chapter 4. In the case when T is 
separable metrizable, the topology tJ^ was also investigated by Schal [Sch75] (with 
sometimes topological assumptions on ($7,5)), under the name of ws-topology. In 
the case when T is Polish, the topology rj^ = tJ^ was also studied by Jacod and 
Memin [JM81b] and by Galdeano [Gal97]. More recently, Balder [BalOl] studied 
rjOj in the case when T is Suslin regular. 

Remark 2.1.6 (W— Stable topology as an initial topology) Actually, in Part 
E, we identified each measure p a {a £ A U {oo}) with its restriction to the cr 
algebra 5 ® £>(T,d)> which may be different from 5 (g> Bj if T is not Suslin. Assume 
that T is separable, hereditarily Lindelof and regular, and let I? be a set of semidis- 
tances which induces the topology of T and which is a upwards filtering. For each 
d£T>, let 7 Td be the canonical projection of T onto (T, d) . Let 7r d be the mapping 
(w, t) i— > (u>, 7 Td{t)) defined on $7 x T. Then a more precise writing of Condition 16 
is 

16'. (t r d ) # n a ^ stab - y > (7r d ) # p°° in ^(T, d) for any d£V, 

where (7T d ) j /i a (a £ A U {oo}) denotes the measure image of p°° by x_ d . 

The equivalence 16' <t=> 12 means that Ty\ is the initial topology for the system 
(xyi (d),(7r d )|j), where d runs over V. 
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Remark 2.1.7 (W Stable convergence vs. S stable convergence in the 
Suslin regular case) Parts F and G give a criterion for r-yi and r-yj to coincide 
when T is Suslin regular. Notice first that, when T is Suslin, for each continuous 
distance d on T, the a algebra Bd coincides with B TJ , thus the sets y l {d) and 
coincide. Let Id be the identity mapping on y 1 . From Remark 2.1.6, Ty\ 
is the initial topology (and even the projective limit) for the system (T-yj (d), Id), 
where d runs over T>. Clearly, r-yi is finer than the initial topology (and even the 
projective limit) for the system (r-yi (d), Id), where d runs over V. But, for each 
d G V, we have r-()j(d) = Ty 1 (d) by Part G. Thus, if T is Suslin regular, the 
topologies Ty i and Tyi coincide if and only if T-yi is the initial topology for the 
system (t^i (d), Id), where d runs overV. 



Corollary 2.1.8 (W— stable convergence for dense subspaces) Assume that 
T is a dense subspace of a completely regular space S. Assume furthermore that 
A1 + (T) = A4f(T) (e.g. T is hereditarily Lindelof). For each /i G 3^ 1 (T), let 
p € jU(§) be the measure on Lt x § defined by p(A) = p(A fl (fl x T)) for any 
A £ S ® Bs- The injection p i— > p from ^J ;1 (T),T*i(T)j to ^V 1 (S), T-yi (S)^ is 

a topological embedding, that is, a net {p a ) a in J ;1 (T) W-stably converges to an 
element p°° o/3^ 1 (T) if and only if the net (p a ) a W-stably converges to p°° in 

y\ s). 



Proof. Observe that, for any p £ J ;1 (T), the definition of p implies that the 
measure p(Ll x .) is in Ad^(S). Let U be a uniformity on S which is compatible 
with the topology r§ of S. For simplicity, the uniformity on T induced by U will 
also be denoted by U. Let Cf, u (S,W) (resp. Cb u (T,7/)) be the space of bounded 
W-uniformly continuous functions on S (resp. on T). Each element / of Cb„(T,7/) 
has a unique extension / G Cb„(S ,U) (e.g. [Bou71, Theorem 2, Page 11.20]). Let 
if be the canonical injection from T to S. For each p € y 1 and each /I-integrable 
integrand f on LI x S, we have p{f) = p(f o if) = p(f ^ ). Let (p a ) a be a net 

in y 1 (T) and let p°° £ J ;1 (T). Using the equivalence 12 <t=> 15 from Part D of 
Theorem 2.1.3 , we get 



q, W— stably qq 



p°°^VA£S V/€C ta (T,W) p a (t A ®f)^ p°°(l A ®f) 

^\/A£S V/g C bu (T,U) m“(1a®/)-»M°°(1a® 7) 
ttVAed V/G C bu (S,U) M a (lA® /)^^°°(lA®/) 

, v ~a W-stably —QC 
V7 fl > /i 



□ 



Theorem 2.1.3 and its Corollary 2.1.8 also allow us to extend Lemma 2.1.2 to 
dense subsets of regular Suslin spaces, for W-stable convergence. 
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Corollary 2.1.9 (W Stable topology relative to the completed a— algebra) 

If T is a dense subspace of a Suslin regular space, then r^i (12, S , P) coincides with 
T-^fl^P*). 

Proof. From Corollary 2.1.8, we can assume w.l.g. that T is Suslin regular. Let 
V be any cr-upwards filtering set of distances which induces the topology of T. 
From the beginning of Remark 2.1.7, and with the same notations, (12, S , P) is 
the initial topology for the system (r^i (12, S , P, d), Id), where d runs over V. But, 
from Lemma 2.1.2, for each d £ V, the topological spaces r-yi (12, S, P; T, d) and 
Ty! (12, Sp, P*; T, d) coincide. Q 

The following result gives convergence of W-stably converging nets on some 
integrands which are not tensor products. Contrarily to Corollary 2.1.4, no sep- 
arability condition is assumed (provided T contains a dense subspace with non- 
measurable cardinal, see Section 1.4). 

Let d be a continuous semidistance on T. Recall that BLi(T,d) is the set of 
bounded Lipschitz functions / : T — » [—1,1] with Lipschitz modulus bounded 
by 1 (see page 15). We denote by BL 1 (12. T. d) the space of integrands / such 
that f(u>, .) £ BLi(T,d) for all ui € 12 and by BL , 1 (12,T,d) the set of elements 
/ of BL 1 (12,T, d) which have the form / = 1 A * ® where (Aj)i<;<„ is a 

measurable partition of 12 (which depends on /). 

Proposition 2.1.10 (W— Stable convergence and Lipschitz integrands) 

Let d be a continuous semidistance on T. We assume that T contains a dense 
subspace with non-measurable cardinal (Section 1.4) or that there exists a separa- 
ble subset To of T such that p°°(Ll x To) = 1. Let (/x a ) aS a be a net in y 1 which 
W-stably converges to some p°° € y 1 ■ Then we have 

lim /z a (y> o /) = n°°(po f) 

OL 

for each integrand f £ BL 1 (12, T, d) and for each continuous function <p : [— 1, 1]— > 
R. 



Proof. Assuming that T contains a dense subspace with non-measurable cardinal 
or that /x°°(12 x To) = 1 for some subspace To of T, the measure /i°°(12 x .) is inner 
regular w.r.t. the totally bounded subsets of T. Let e > 0. There exists a totally 
bounded subset K of T such that x K) > 1 — e. Recall that every Lipschitz 

function / £ BLi(A") can be extended to a Lipschitz function / £ BLi(T, d) (see 
e.g. [Dud02, Theorem 6.1.1]). 

For any continuous function / on T and any BcT, let us denote ||/|| B := 
sup xeB \f( x )\- The set of restrictions to K of elements of BL^d) is totally bounded 
for ||.|| K (it is a subset of the compact space BL i{I\,d), where K is the d- 
completion of K). For each p > 0, there exist thus gi,...,g n G BLi(d) such 
that, for each / £ BLi(d), we have inffey...^ ||/ — gt\\ K < p. 
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Now, let / € BL 1 (fl,T, d) and let <p : [—1,1] — » R. be a continuous function. 
The mapping ip is uniformly continuous, thus there exists ?/ > 0 such that, for 
all x,y £ [—1, 1], if \x — y\ < 77 then | <p(x) — <p(y ) | < e. For each u> £ fl, we can 
find N(uj) £ {1 ,n} such that ||/(w, .) — <7 jv(ui)||x < 77 / 3 . Furthermore, we can 
assume that N is measurable, because Lipschitz functions on K are determined by 
their values on a countable dense subset of I\ . For i = 1, ,, . , n, let = {N(uj) = 
*}> and let g = Yh=i 1 a 4 00 »- We have g £ BL^f^T, d) and ||/(w, .) - g(u, .)\\ K < 
77/3 for every ui G fl. 

Let K^! 3 ={ieT; d(x,K ) < 77 / 3 }. For each u G fl, as f(u >, .) and g(u ), .) are 
1- Lipschitz, we have 

||/(w, .) - g(w, .)\\ Kv/3 <3^=7?, 

thus 

(2.1.1) \\tpof(u), .) -ipog(uj 

> ')llif>7/3 < £ ' 

Let h : T — > [0, 1] be a Lipschitz mapping such that h(x) = 1 if x G K and 
h(x) = 0 if x K^ 3 (we can take e.g. h(x) — (1 — (3/t i)d(x,K)) V 0). We have 

lim y a ( 1 q 0 (1 - h)) = y°°{ la 0 (1 - h)) < x K c ) < e, 

a 

thus there exists aofA such that 

(2.1.2) a > a 0 =» /x“( la 0 (1 - h)) < 2s. 

On the other hand, let M = max xe r_ 1;1 i |<p(x)|. For every to £ fl, we have 
\\ip o f(u ), .) — (f o g(u>, .)|| T < 2 M. From (2.1.1) and (2.1.2) we thus have, for 

Oi ^ CXq, 

I(m“ - P°°) (<P 0 f - <P 0 3)1 < (m q + M oo )(I(^ o /- < P o S , )(1o0MI) 

+ ( M “ + Ai oo )(|2M(la0(l-/i))|) 

< (e + e) + (4e + 2e)M = (2 + 6 M)e. 

But we also have lim Q (y a — y°°) (ipo g) = 0, thus, for a large enough, 

\{n a - H 00 ) (<p o f)\ < (3 + 6 M)e, 

which yields the result because e is arbitrary. ] 

We are going to deduce from Proposition 2.1.10 (with (p(x) = x) a new criterion 
of W-stable convergence. Let d be a continuous distance on T. Let BL(T, d) denote 
the vector space of real-valued bounded Lipschitz functions defined on T. It is a 
Banach space for the norm 

II/IIbLCM) : = ll/lloo + su p{ S^t}. 
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We denote by BL($7,T, d) the set of all integrands / on fl x T — ■> M such that 
there exists a measurable mapping <f> : 0 — > K + with ||/(w, -)llBL(d) — </H w ) f° r 
every u> G fl (if T is separable, the mapping u> — > ||/(w, -) II B L(dj measurable, 

thus BL(fl,T, d) is simply the set of integrands / such that /(w, .) € BL(T, d) for 
each u> G Cl). 

We denote by BL'(fl, T, d) the set of elements / of BL(J1, T, d) which have the 
form 

n 

f{u,t) = Y W w ) /*(*)> 

i= 1 

where (A\, . . . , A n ) is a measurable partition of f 1 and each _/) is in BL(T, d). Let 
LgLfT.d) be the space of Bochner integrable functions defined on (Q,<S,P) with 
values in BL(T, d). We have 

(2.1.3) T, d) C Lb L( 1 . d) C {/ G BL(0, T, d); f is L^bounded} . 

Corollary 2.1.11 (W Stable convergence and Lipschitz integrands) As- 
sume that T is metrizable and let d be a distance which is compatible with the 
topology of T. Let (p“) a6 A be a net in y 1 and let g°° € y 1 . The following 
conditions are equivalent: 



( b ) For each L 1 -bounded integrand f G BL(S2, T, d), we have lim a /z“(/) = /i°°(/). 

(c) For each f G LB L(T>d) , we have lim a p a (f) = p°°(f). 

(d) For each integrand f G BL/(f2, T, d), we have lim a p a (f) = p°°{f)- 



Proof. 

The implications (6) => (c) => (d) are clear from (2.1.3). 

The implication (d) => (a) comes from Part D of Portmanteau Theorem 2.1.3. 

Assume (a). Let £ > 0. Let / be an L 1 -bounded element of BL(fl,T, d). In 
order to show that lim a p a (f) = F°°{f), we have to control both \f(u),t)\ and the 
Lipschitz modulus of f(u >, .). From the definition of BL(f2,T, d), there exists a 
measurable function <f : fl — > R + such that || f(tv, -) II BL(d) — <M W ) f° r evei T w G f2. 
Furthermore, as / is L 1 -bounded, there exists a P -integrable function ip : — > R + 

such that \f(uj,t)\ < p{to) for each (u>,t) G x T. We can thus find G S and 
M > 0 such that 



P(fl \ f l s ) < e, <j> 1q e < M\ and 



Define g G BL(fl, T, d) by 




f(v,t) 




(fid P < c. 



g(aj,t) 



if ui G Ll e 
if tv G Cl \ Cl, 
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We have g € BL 1 (fi,T, d), thus, from Proposition 2.1.10, lim 0: jJ a {g) = p°°(g). 
Moreover, for any p £ y 1 , we have 

\li(f-Mg)\ <s. 

As e is arbitrary, this proves the result. '" _ j 

The following easy consequence of Theorem 2.1.3 and Proposition 2.1.10 is 
often useful. 

Proposition 2.1.12 (Semicontinuity Theorem) Let (p a ) a& A be a net of el- 
ements of y 1 and let p°° € y 1 . Assume that one of the following conditions is 
satisfied: 

(а) p a - w stM - > /i°° and f : fl x T — > R + is an integrand such that there exists a 
continuous distance d on T with f(u > , .) £ BL^T, d) for each u> S ft. 

(б) p a - M atab ' v > p°° and / : fl x T -» [0, +oo] is a continuous integrand. 

(c) fi a - N stab ‘ v > p°° , g : fl -> [0, +oo] is a measurable mapping, h : T — > R + is an 
l.s.c. mapping and f is the integrand g (g> h. 

( d ) fi a - stab ' v > n°° and f : fl x T — > [0, +oo] is an l.s.c. integrand. 

Then we have 

/z°°(/)<liminf M a (/). 

a 

Proof. From Proposition 2.1.10 (in the case (a)) or from Theorem 2.1.3, we have, 
for every M g [0, +oo[, H°°(f A M) < liminf a p“(/ A M). 

Assume first that p°°(f) < +oo. Choose M > 0 such that /z°°(/ A M) > 
M°°(/) ~ e - We then have 

M°° (/) < (/ A M) + e < lim inf (/ A M) + e < lim inf (/) + £ 

a. ot. 

which yields the result, because £ is arbitrary. 

Assume now that p°°(f) = +oo. For each A > 0, there exists M > 0 such that 
M°°(/ A M) > A. We then have 

A < lim inf g a (/ A M ) < lim inf p a (/) . 

cn. a. 

As A is arbitrary, this proves that lim inf a p a (f) = +oo. 

In the preceding results, in particular in the Portmanteau Theorem 2.1.3, we 
considered mainly conditions on the topological space T, not on (17, S). Now, from 
Part D, it is easy to deduce the following continuation of Theorem 2.1.3, in the case 
when fl can be endowed with a topology. We show that, in some cases, W-stable 
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convergence coincides with narrow convergence w.r.t. an appropriate topology on 
12 x T. This result generalizes [Val94, Theorem 3, 2)]. 

Before we state this result, we need to fix some more vocabulary. Let C be a 
set of subsets of 12. We say that C essentially generates S if S is contained in the 
universal completion of the cr-algebra generated by C. We say that S is essentially 
countably generated if there exists a countable set of subsets of f l which essentially 
generates S. 

Theorem 2.1.13 (Portmanteau Theorem continued: W stable conver- 
gence vs. narrow convergence on the product space) Let {p a ) a& a be a net 
in y 1 and let p°° € y 1 . Assume that there exists a topology tq on 0 such that 
B m = S. 

A) If tq is perfectly normal , the following Conditions 1 and 2 are equivalent: 



2. liniQ, p a (f (g) g) = n°°(f <8> g) for any bounded tq- continuous function f 
on 12 and for any bounded tj - continuous function g on T. 

B) If furthermore T is the union of a sequence of second countable Suslin spaces 
which are Borel subsets of T, or if T is Suslin regular, we can replace in A the 
hypothesis B Ta = S by 

B Tn *=S\ 

where, as usual, for any a -algebra A, we denote by A* its universal completion. 

C) Assume that (T,Tt) and (12, tq) are completely regular topological spaces such 
that £> rsi ® ^ = B Tn ®B^ (this is the case ifra^Tj is hereditarily Lindelof, or if 
one of the spaces (T, rt) and (12, tq) is cosmic, see the proof of this theorem). 
Assume furthermore that the elements of A4 +,1 (12 x T, tq <g> rt) are r-regular 
(this is the case if tq, (g> tt is hereditarily Lindelof). Then Condition 2 is 
equivalent to each of Conditions 3 and 4 below. 

3. lim Q pL a (f) = g°°(f) for any bounded tq (g) Tj-continuous function f on 
12 x T. 

4- g a — n°° i n .Ad + ,1 (12 X T, Tq ® Tt). 

D) In particular, Ty ) coincides with the topology induced on y 1 by the topology of 
narrow convergence on _M +,1 (12 x T, tq ® Tt) in each of the following cases: 

(i) (T, rt) and (12, tq) are regular cosmic spaces and S is the Borel a -algebra 
of tq, 

( ii ) (T,tt) is a regidar Suslin space, (12, tq) is a regular cosmic space, and 
S* is essentially generated by tq. 
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Proof. 

A) As tq is perfectly normal, the c-algebra S = B ra is generated by C & (12, tq). 
The result is thus a direct consequence of Part D of Theorem 2.1.3. 

B) Obvious from Lemma 2.1.2 and Corollary 2.1.9. 

C) This is a result on narrow and weak convergence. The equivalence between 

3 and 4 comes from the fact that, by the classical Portmanteau Theorem 
[Top70b], as tq ® tt is completely regular, the weak topology and the narrow 
topology on _Ad + (12 x T, tq ® Tt) coincide. The hypothesis B Tn = B Tn (g> B Tt 
ensures that each [i a (a G A U {oo}) is in A4 +,1 (12 x T, tq ® tt). The proof 
that = S Tn ® B Tj holds when tq ® tj is hereditarily Lindelof, or when 

one of the spaces (T, tt) and (0, tq) has a countable Borel network, can be 
found in [BC93, Exercice 3.18, with solution] (see also [FJW96] where it is 
proved that, if (12, tq) is a regular space, then B Tn <$ T r = B Ta ® B-^ holds for 
any regular space (T, tt) if and only if (12, tq) has a countable Borel network). 

If (T, tt) and (ft, tq) are metrizable, the equivalence between 3 and 2 is proved 
in [vdVW96, Corollary 1.4.5]. Assume now that (T, tt) and (12, tq) are com- 
pletely regular. Clearly, 3 implies 2. Assume 2 and let Vq (resp. T> t) be an 
upward filtering set of continuous distances which induces the topology of 12 
(resp. T). For any d G Vq and any d' € Vj, define the distance d® d' by 
d® d'((u>i,ti), ( 1 JJ 2 U 2 )) = d(u\,U 2 ) V d'(ti,t 2 )- Then V = {d ® d! \ d G Vq , d G 
Vj} is an upwards filtering set of distances that induces tq ® tt- From the 
metrizable case, we have, for any d® d' G V, 

li a - n " r - > in M+^(fl x T, d® d' G V). 

The conclusion follows from Lemma 1.3.3. 

D) Obvious. 

n 

Remark 2.1.14 In Part D, (JA(T),t^l) is a closed subspace of A4 + (12 x T) en- 
dowed with its narrow topology. 

2.2 Special subspaces of Young measures, 

denseness of the space X of random variables 

In this section, we consider the topological subspaces A4 +,1 (T), T and X (T) (see 
page 20 how they are imbedded in Adis)- The subspaces of p-integrable Young 
measures will be considered in another section (Section 2.4), because we shall 
endow them with new stable topologies wiclr are not induced by the topologies 
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For the spaces AI +-1 (T) and T, we compare their usual topologies with the 
topology induced by Ty , * = S,M, N,W: We shall see that tt is the topology 
induced on T by Ty and that, when T is completely regular, the narrow topology 
on _M +,1 (T) is also induced by Ty. 

For X(T), it is only in Chapter 3 that we will compare its natural topology 
(that is, the topology of convergence in P probability) with the topology induced 
by Ty, * = S,M, N,W. We prove in this section that, in a quite general case, 
X(T) is dense in y 1 for Ty, * = S, M, N, W. 

Proposition 2.2.1 (*— Stable topology on _A/f +,1 (T)) The narrow topology on 
AI +,1 (T) is induced by Ty and the weak topology on At +,1 (T) is induced by Ty. 

Proof. Let g be a bounded l.s.c. function on T and let A € S. Let / = 1 a <S> g. 
Then the function / : T — > K defined by 

f{t) = [ f(u,t)dP{u) 

Jn 

is bounded l.s.c. Conversely, any bounded l.s.c. function g can be written g = /, 
with = g{t) = ( In ® g){oj,t). Let (/z a ) aS A be a net in Af +,1 (T) and let 

p°° € _M +-1 (T). For the time of the proof let us distinguish between each p a 
(a € A U {oo}) and the constant disintegrate Young measure fi a : u> i— > . We 

have, for each a € A U {oo}, 

/*“(/)=/ f(u,t)dg a (t)dP(uj) = n a (f). 

J n 

Thus liminf ae A A t “(/) > M°°(/) if and only if liminf aS AM“(/) > p°°(/), and one 
deduces easily the first part of the proposition. 

The same reasoning shows that the topology induced on Af +,1 (T) by Ty co- 
incides with the weak topology. ] 

Corollary 2.2.2 (*— Stable topology on T) The topology tt is induced by Ty. 
If T is completely regular, it is also induced by Ty . 

Proof. Indeed, the restriction to T of the narrow topology on AI + ' 1 (T) is Tt. 

□ 

The subspace X (T) : Denseness Theorem The following result is essential 
in applications. Since the origins of the theory of Young measures, it is well- 
known that, if P is nonatomic and T is metrizable and compact, then X is dense 
in y 1 [You37, pages 226-228] (actually, Young measures were constructed as the 
completion of X in an appropriate uniformity). This result has been extended by 
Balder [Bal84b] to the case when T is a completely regular Suslin space and P is 
nonatomic. We give below a slight generalization, with T non necessarily regular. 
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Theorem 2.2.3 (Denseness Theorem) Assume that T is Radon and that the 
compact subsets of T are metrizable (e.g. T is Suslin). Assume furthermore that 
P is nonatomic. Then X is dense in y 1 for Ty i , * = S, M, N, W. 

Our proof of Theorem 2.2.3 relies on the denseness result in the case when T is 
Suslin metrizable. For the convenience of the reader, we also give the proof of 
Theorem 2.2.3 in this well-known case. 

Proof. 

Step 1: Suslin metrizable case. In this case, know by Part G of Theorem 
2.1.3 that = Ty! = = Ty j. Let p £ y 1 . Let d be a distance which is 

compatible with the topology of T. We only need to show that, for any e > 0, 
any finite subset {Ai,...,A n } of S and any subset {/i, ...,/„} of BL^T, d), 
there exists a random element X of T such that, for each i = 1, . . . ,n, we have 
p{ 1a 4 <8> fi) — f A fi ° X dP < £. Considering the measurable partition of fl 
generated by the set X,;, and taking a smaller e > 0, we can assume that, for 
i ^ j, we have Ai = Aj or A.i n Aj = 0. Furthermore, we only need to define 
X on each A So, the problem reduces to the search, for any £ > 0, any 
and any finite subset {/i, . . . , /„} of BLi(T, d), of a random element X such that 
\p( 1 a S fi) — f A ft o X d P| < £. Let v := p(A x .) € A4 + (T). The set of convex 
combinations of Dirac measures is dense in _A/f +,1 (T), thus there exist a finite 
subset {ti, . . . ,t m } of T and positive coefficients a\, . . .a m such that a k = 

i'(T) = P(A) and such that we have Y^k=i a k^t k ) < e (where is the 

Dudley distance). Now, as P has no atom, we can find a measurable partition 
Ci , ... , C m of A such that P (Ck) = for fe = 1, . . . , m. Then we only need to 
set X(u>) = tk on for k = 1, . . . , m. 

Step 2: general case. We only need to prove the theorem for * = S. 

Let p, € y 1 . Let V be a neighbourhood of p in y 1 for Ty! . We can assume 
w.l.g. that 

V = {v e y 1 ; Vi = 1, . . .,n v{ff) > p{ff) - s} , 

where n is a positive integer, fi,...,f n are l.s.c. integrands such that 0 < fi < 1 
for all* = 1, . . . , n and £ > 0. 

As T is Radon, the measure p(fl x .) is tight. Let I\ £ 1C be such that 
pfil x K) > 1 — £/2. Let p = //| be the restriction of p on fi x K. Let 

r] = p(fl x K). Let P = p(. x T) = p{. x K). We have P(fl) = rj G ]1 — e/2, 1], 
P < P and p < p (that is, P(A) < P(A) for any A G S and p(A) < p{A) for any 
A g B). In particular, P is nonatomic. 

Now, the measure (1 /p)p is an element of y 1 (fI,<S, (l/ry)P; K). Consider the 
following neighbourhood of (l/ifp: 



V = [v € y 1 (Q,S,(l/r/)P;K);Vi = 1 ,...,n v(fi) > p(fi) - £/2 j- 




2.2. SPECIAL SUBSPACES, DENSENESS OF RANDOM VARIABLES 41 



From the denseness result for metrizable compact spaces, there exists a random 
element X of K such that the measure / 5 U <S> &x(u) d(l/??)P(w) is an element of 
V, that is, for * = 1, ... , n, 

1 [ fi(u,X{w))dP(uj) > -n(fi Iqxk) - e/2. 

As 0 < fi < 1 , we thus have 

J fi(w,X(u}))dP(ij})> J fi(uj,X(uj))dP(uj) 

> M/i 1S2 xK ) - W 2 

> M/») - W 2 - e/2 > //(/») - e. 

Thus J <g> S X (to) dP(uj) is in V. □ 

Remark 2.2.4 If T is metrizable, another construction, using the martingale con- 
vergence theorem, can be found in [RdFZ02]. 

When random elements of T converge in J 71 , it might be interesting to know 
whether the limit /i is also a random element of T. The following criterion was 
given by Zi§ba. 

Theorem 2.2.5 (Zi§ba Criterion [Zi§85]) Assume that Bf is countably gen- 
erated. Let n G ^] is . The following conditions are equivalent: 

(а) There exists ICC such that fj, = S x (from the identifications we made, this 
can be written: yt G X). 

(б) VA xBgS®B t 

[i(A xB)>04 (3A' c A P(A')>0, MujG A’ n u (B) = l). 
We shall need the following easy lemma. 

Lemma 2.2.6 Let v G A4 +,1 (T). Assume that v ^ T, that is, v is not a Dirac 
measure. Assume furthermore that Bf is generated by a sequence (2?i, B 2 , ■ . . ). 
Then there exists an integer n such that r(5„) > 0 and n(Bf) > 0. 

Proof. Indeed, assume that the conclusion of Lemma 2.2.6 is false. For each 
n > 1, let C n be the finite partition generated by B\, , B n . Then, for each n, 
one can find C n G C n such that v{C n ) = 1. Necessarily (C n ) n is decreasing. Let 
C = C n C n . We have v(C) = 1. But C is an atom of Bj, thus, as T is Hausdorff, 
C is a singleton {t}, and we have v = S t . 

Proof of Theorem 2.2.5. The necessary part is obvious. Assume now that 
H £ X. Then there exists A 0 G S , P(A 0 ) > 0, such that, for every u> G A 0 , fj, u is 
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nondegenerate, that is, fL T. Let (Bi,B 2 , . . . ) be a sequence which generates 
Bf. From Lenrnra 2.2.6, the random variable 

N(uj) = inf {n G N*; H u (B n ) > 0 and p w (.B°) > 0} 

has finite values on Aq. There exists thus an integer n such that P {N = n} > 
0. Let A = {N = n} . Now, for each A! c A such that P(zT) > 0, we have 
p( A ' x B n ) > 0 but < 1 for all w G A'. Thus (6) is not satisfied. 

□ 

Corollary 2.2.7 ([Zi§85]) A ssume that Bf is countably generated. Let p € • 

For any measure Q on (0,5) which is absolutely continuous w.r.t. P, let dQ/dP 
denote the Radon-Nikodym derivative of Q w.r.t. P. The following conditions are 
equivalent: 

(a) There exists X G X such that n = S x ■ 

( b ) For each B G Bf such that x B) > 0, let Qb denote the measure y,(. x B). 
Then, almost everywhere, dQs/dP takes its values in {0,1}. 

(c) For each B G B such that /i(-B) > 0, let Q denote the measure /i((. xT)DB). 
Then, almost everywhere, dQ B /dP takes its values in {0,1}. 

Proof. The implication (a)=>(c) is straightforward, with 

dQ 

for B G B, and (6) is a particular case of (c). Now, assume ( b ). Let B G Bf such 
that /r(0 x B) > 0. Let h = dQs/dP, with values in {0,1}. Let A G S such 
that fj,(A x B) > 0. Let A' = {oj G A; h(u ) ) > 0} = {u> G A; h(io) = 1}. We have 
P(gF) > 0 thus iXcj(B) = 1 for P-almost every u> G A! . From Theorem 2.2.5, (a) is 
thus satisfied. 

2.3 Properties of (3^ 1 ,Ty 1 ) related to the topology 
of T 

Metrizability From Corollary 2.2.2, the space T is a subspace of (y^r^i). 
Thus, for (ySr^i) to be nretrizable, it is necessary that T be nretrizable. 

Proposition 2.3.1 Assume that T is separable and metrizable, and that S is 
essentially countably generated. ThenTy i = is metrizable (thus, if furthermore 
T is Suslin, then r|,i = is metrizable) . 
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Proof. By Corollary 2.1.9, we can assume w.l.g. that S is countably generated. 
Let d be a distance which is compatible with the topology of T. Let A be 
the Dudley distance on _A4 + (T) associated with d. Let (A n ) be a sequence in S 
which generates S. For each n G N, let C n = {Cq , . . . , be the partition of 

0 generated by A 0 , . . . , A n (we skip of it all subsets with P probability 0). We 
rename the elements of C = U„C" so as to have C = {C\, . . . , C n , . . . }. We define 
a distance 5 : y l x y 1 — > [0, 1] by 

6(M> v ) = Y] 2_n sup | n{ l c „ ® /) - K lc n ® /)l 
/ GBLi (T,d) 

= ^2-"A^( M (C„x.)^(C'„x.)). 

n>l 

Let (^ a ) aS A be a net in jd which W-stably converges to /^°° G (F 1 . Then, for 
each n G N, the net (n a (C n x .)) aG A converges in A4 +,1 (T) to [i°°(C n x .) (for the 
Dudley distance), thus the net (sup /eBLl(T;d) |/r“( t Cn ® /) - /r 00 ( lc„ ® /)l)aeA, 
with values in [0,1], converges to 0. Therefore the net (5(/x“, /x 00 )) q6 a converges 
to 0. 

Conversely, assume that (<5(/x“, /x°°)) a6 A converges to 0. Then Condition 18 in 
Theorem 2.1.3 is satisfied, thus (/ P) a€ A W-stably converges to /.<°° G J 71 - 

□ 



Submetrizability 

Corollary 2.3.2 Assume that there exists a separable metrizable topology r 0 on T 
which is coarser than the original topology r of T, and such that r and tq have the 
same Borel sets. Assume furthermore that S is essentially countably generated. 
Then Ty X is submetrizable. 

Proof. If t and To have the same Borel sets, they have the same Young measures, 
and we have r*i (r 0 ) C r-yi (r). Q 



Suslin property and Polishness 

Proposition 2.3.3 Assume that T is Suslin regular and that S is standard, that 
is, there exists a Polish topology tq on f 2 such that S = B Ta . Then ( y 1 , Ty X ) = 
Qd’Tyi) is Suslin regular. If furthermore T is Polish, then (y 1 ,^ i) = (3d,r|,i) 
is Polish. 

Proof. From Theorem 2.1.13 and Remark 2.1.14, the space (3- 71 , t-J))) is a closed 
subspace of _A/f +,1 (0 x T, tq ® tj) endowed with the narrow topology. But the 
space M + ' l (0 x T, m ® tt) is Suslin regular, thus Qd,Tyi) is also Suslin regular. 
If furthermore T is Polish, then A4 +,1 (fl x T, tq ® tt) is Polish, thus (3 71 , t^)) is 
Polish too. ‘“I 
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2.4 Integrable Young measures and Lg spaces 

In this section, we are given a real number p > 1 and we assume that T is com- 
pletely regular and that its topology is defined by a set V of semidistances. We are 
going to define the subspace y]f p of p-integrable Young measures. On this space, 
new “stable” topologies are defined, using integrands satisfying some growth con- 
dition related to p instead of bounded integrands. Another topology on this space 
will be investigated (for p = 1) in Section 3.4. 

The restriction to X(T) yields the spaces X^ T . The space Lg of Bodmer p- 
integrable functions with values in a Banach space E is a particular case of X^, 
space. 

We say that a Young measure p £ y 1 is p-integrable (relatively to V) if we 
have 

\/d£V / d(a, t) p dp(u, t) < +oo 

J 17 xT 

for some (equivalently for all) a £ T. A p-integrable Young measure is also said 
to be of order p. If p = 1, we simply say that p is integrable. We denote by y^ p 
the set of p-integrable Young measures relatively to V. If V has a single element 
d, we simplify notations by writing y d ’ p instead of Also, if d stems from a 

seminorm ||.||, we shall use notations such as . 

The space y]f p D X is naturally denoted by X^ T ^ or X^ and its elements 
are called p-integrable random elements (relatively to V). Obviously, if E is a 
Banach space and if d is the distance associated with the norm of E, the space 
is nothing but the space Lg of Bochner E valued p-integrable functions. 
Similarly, Young measures extend Bochner integrable random elements of locally 
convex topological spaces. 

We can define new stable topologies t*^, on y]f p , with * = S, M, N, W, by re- 
placing the boundedness condition on the test integrands by a condition of growth 
of order p. For example, let tA d be the coarsest topology on y^ p such that, for 
each d £V, the functions 

f y 1 — > r 

\ p ^ p(t A ® f) 

are continuous for every A £ S and every continuous function / on T satisfying 

\f{t)\ < 1 + d(a,t) p 



for some fixed a £ T. 

The topology y y, when TcK", has been considered (with different defini- 
tions) by Schonbek [Sch82], Ball [Bal89c], Kinderlehrer and Pedregal [KP94] (see 
also [Rou97] about these three papers), by Piccinini and Valadier [PV95], by Art- 
stein [ArtOla, ArtOlb], Artstein and Popa [AP03], and by Dedecker and Merlevede 
[DM02], 
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We shall see in Theorem 2.4.3 that, if T is a Banach space (E, ||.||), the restric- 
tion of r*|| || to Lg is the strong topology of the vector space Lg. Unfortunately, the 
sum of random elements and the multiplication of a random vector by a scalar do 
not admit continuous extensions on the space f (f 2, S, P; E) of integrable Young 

measures on T. Multivalued extensions which keep some of the properties of these 
operations are constructed in [ArtOla, ArtOlb, AP03]. 

If the elements of V are bounded, 3 7 -p’ P is nothing but the familiar space y l , 
and we have t A D = r^i . 

Let us now introduce a notion of uniform integrability which will help us 
to characterize -convergence. We say that a set 2) C y^ p is uniformly p- 
integrable (relatively to V) if, for every d £ U, 

lim sup / d(a,t) p dp(u),t) = 0 

i?—- l-oo Jn x {d(a,.)>R} 

for some (equivalently, for any) a £ T. We say that a net (p a ) a6 A of elements of 
y]f p is asymptotically uniformly p-integrable (relatively to V) if, for every d £ U, 

lim limsup / d(a,t) p dp a (ui,t) = 0 

R^+oo a Jnx{d(a,.)>R} 

for some (or any) a £ T. If A = N, (p a ) aS A is asymptotically uniformly p- 
integrable if and only if it is uniformly p-integrable. 

For every d G V, we denote by Lip 1 (d) the set of d-Lipschitz functions on T, 
with Lipschitz modulus not greater than 1. 

Proposition 2.4.1 (Various characterizations of r^p— convergence) Let 

(M“)aeA be a net in y]f p , and let p°° £ y]f p ■ Let a be some fixed element of T. We 
assume that T contains a dense subspace with non-measurable cardinal (Section 
1-4) or that there exists a separable subset To of T such that x To) = 1. The 

following conditions are equivalent: 

1. (p “) ae a converges to p°° forr^-p. 

2. p a - W " tab - > n°° and lim a / 0xT d(a, t) p dp a ((LV, t)) = /o xT d(a, t) p d/x°°((w, t)) 
for every d £ V. 

3. p a - w stab - > p,°° and (/x “) a6 a is asymptotically uniformly p-integrable. 

4 ■ lim Q p a (f) = /J,°°{f) for every integrand f : 12 x T — > M + such that / 1 / p (w, .) 
£ Lip 1 (d) for each u> £ f2 and f(.,a ) £ L 1 (P). 

5. lim Q p“( 1 a <8 /) = d°°{ 1 A <8> /) for every A £ S and for every function 
f : T — > K+ such that f 1 ^ £ Lip 1 (d). 
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Remark 2.4.2 Analogous characterizations for the other stable topologies t* v 
can be easily obtained, except for Conditions 4 and 5, which are specific to r " D . 
A proof of 3 => 1 for r^-p in a particular case will be given in Lemma 6.2.2. 

Note also that Condition 4 applies in particular to Holder continuous integrands 
/ (relatively to d) of order p with bounded modulus, that is, integrands / satisfying 
- f(u ,s)\ 

P d(t,s)*o d (t,a)P 



< M for some M > 0 and for all to £ f l. 



Proof of Proposition 2.4.1. We shall first prove 1 => 2 => 3 => 1 and then 
3 => 4 5 => 2. 

The implication 1 2 is obvious. 

Let us assume 2. Let d £ V. Let e > 0. There exists R such that 



/ d(a, sy dp°° (u>,s) < e/2. 

J fix {££T; d(a,t)>R} 

For every p > 0, let us denote Bd (a, p) ={leT; d(a,t ) < p). Let h : T — > [0, 1] 
be a continuous function such that 1 B d (a,R) — h — ^B d (a,R+ 1 )- We have 

f (1 — h(t)) d(a, t) p dp°°(uj, t) < e/2. 

JflxT 

From W-stable convergence of (n a ) a to /z°°, we also have 

lim f h(t) d(a,t) P dp a (ui,t) = [ h(t) d(a,t) P dp°° (u,t). 

a Jqx t J OxT 

From Condition 2 and the above convergence, 

lim f (1 — h(t)) d(a, t) p dp, a (uj, t) = f (1 — h(t)) d(a, t) p dp°°(uj, t), 

a if 2xT ifixT 

hence, for a large enough, 



/nx{t6T; d(a,t)>R+ 1} 



d(a, ty dp a (u, t) < e, 



which proves 3. 



Assume now 3 and let us prove 1. Let d £ V, let A £ S and let / : T — > K 
be a continuous function such that \f(t)\ < 1 + d(a,t) p for each t € T. Let e > 0. 
There exists R > 0 and ao£ A such that 



(2.4.1) Va£ Au{oo} a > «o => / 

Jsi 



r2x{££T; d(a,t)>R} 



1 + d(a, ty d/j J a ( oo, t) < e. 
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Let h : T — * R. be a continuous function such that l{d(o,.)<-R} < h < l{d( a ,.)<i?+i}- 
Let h = lo 0 h. By W-stable convergence, we have 

( 2 . 4 . 2 ) limp a ((t A ®f)h) = p°°(( 1 . 4 ® f)h). 

a. 

But we also have 



1 1.4 ® / 1 (1 - h) < (1 + d(a , . ) p ) l{ d (a,.)>fl} 

thus, from (2.4.1), 

(2.4.3) Va£AU{oo} a > «o => p a i\( 1.4 ® /)(1 — h)\) < e. 

Condition 1 follows immediately from (2.4.2) and (2.4.3). 

We now prove 3 => 4. Assume again 3. Let d £ V and let / : 0 x T — > ]R + 
be an integrand such that / 1 / p (w, .) £ Lip 1 (d) for each ugf l and /(., a) € L 1 (P). 
Let s > 0. Let R > 0 and a £ A such that, for each a £ A satisfying a > aj or 
for a = oo, 

(2.4.4) f d(a,t) p dp a (uj,t) < 

J fix {d(a, .)>/?} ^ 

We can assume also that R is large enough such that 

(2.4.5) f f{u,a)dii°°{u,t) < 

-/Ox{d(a,.)>i?} " 

Let h : T — > R. be a continuous function such that ls( 0 ,/f] < h < ls( a ,fl+il) where 
B (a, p] = {t £ T; d ( t , a) < p}. We can assume furthermore that h}! p £ BL^T, d). 
For all (u), t) £ x T, we have / 1 / p (w, t) < / 1 / p (w, a)+d(a, t), thus, from convexity 
of x i — > |a;| p , 

(2.4.6) f(uj, t) < 2 p ~ 1 f(cu, a) + 2 f~ 1 d(a, t) p . 

Let f l e £ S such that /(.,a) is bounded on and such that 



(2.4.7) f 2 p_1 /(w, a) + 2 P ~ 1 (R + l) p dP(w) < e. 

We have, for all a £ A, 

l(M°° ~M a )(f)\ < l(M°°-M a )(/(lo e ®ft))l 



(2.4.8) 



M°°(f(ln‘®h)) + p a (f(l Q c®h.)) 

lo ® (1 - h)) + p a (f( In ® (1 - h)) 
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Let us estimate the first part of the right hand side of (2.4.8). Let 
M = sup 2 p ~ 1 f(io,a) + 2 p - 1 (R+l) p . 

From (2.4.6), we have 

M > sup 

(u>,£)£f2 e xB(a,fi+l] 

For each u> € f l e , / 1/,p (w, .)( ln e ® h) l / p (uj , .) is bounded by M 1 / p and d-Lispchitz 
with Lipschitz modulus 1 + M x l p . From Proposition 2.1.10, with ip(x) = x p , we 
thus have 

(2.4.9) 

lim - /i“) (/( ln s ® ft)) | = lirn (^°° - /x' a ) (ip o (/( l fie ® h)) 1/p ^j = 0. 

For the second part of the right hand side of (2.4.8), we have, from (2.4.6) and 
(2.4.7), 

(2.4.10) 

V°°(f(tn t ®h))+fjL a (f{l n c®h))<2 [ 2 p - 1 f{u,a) + 2 p -\R+l) p dP(io) <2e. 

Jn% 

For the third part in (2.4.8), we have, by W-stablc convergence and (2.4.5), 

iim J /(•> a ) ® (1 - h)d/x a = J /(., a) <g> (1 - h) d/i°° < Jj, 

thus we can take «o large enough such that, for all a > ao, 

(2.4.11) f /(w,a)(l - h(t))dfj, a {u>,t) < — 

jOxT ^ 

Using (2.4.4), (2.4.6), and (2.4.11), we have, for every a € A such that a > ao 
and for a = oo, 

M a (/(ln®(l->0)) 

< 2 P_1 [ f(w,a)(l- h(t))dn a {w,t) 

Jqx t 

+ 2 P ~ 1 f d(t,a) p dfi a (ui,t) 

JQx {d(a,.)>R} 

< 2 £, 



thus, for a > «oj 

(2.4.12) ju°°(/( l a ® (1 - h))) + /x Q (/( In ® (1 - h))) < 4e. 
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Substituting (2.4.9), (2.4.10) and (2.4.12) in (2.4.8) yields 

lim n a {f) =/x°°(/), 

a 

which proves 4. 

The implication 4 =>• 5 is obvious. Finally, assume 5 and let us prove 2. 
Let d GV. Applying 5 to 1 q ® d(a, .) p shows that lim a f nT d(a, t) p d/j, a ((ui, t)) 

= f flxT d(a, t) p d/j,°°((ui, t)). There remains to prove that g a ™ stab - ly > Let 

A G S and let / G BLi(d), with / > 0. Let e > 0. The functions x i— > x p and 
x i— > x 1 /^ are uniformly continuous on [0, 1], thus there exists r\ > 0 such that 

(2.4.13) Vx, y G [0, 1] \x — y\ < y =$■ \x p — y p \ < e 
and there exists S > 0, with S < rj/3, such that 

(2.4.14) Vx, ye[0, 1] |x — y\ < 6 => x 1 / p — y 1 ^ < 

O 

The measure n°°{A x .) is inner regular w.r.t. the totally bounded subsets of T 
(see Section 1.4), thus there exists a totally bounded subset K of T (relatively 
to d) such that n°°{A x (T \ K)) < e. For any continuous function g on T and 
any B C T, let us denote ||g|| B := sup xeS |g(x)|. The set of restrictions to K 
of elements of BLi(d) is totally bounded for || . || ^-, thus there exists g G BLi(d), 
with g > 0, such that ||/ 1 / p — g\\ K < rj/3. Let K s = {t £ T; d(t,K) < <5}. As 
/, g G BL^Tjd), we have , using (2.4.14), 

f 1/p -9 5 <\ + \+S<V 

K s O O 

and thus, from (2.4.13), 

(2.4.15) \\f-g p \\ K s<e. 

Let h : T — > [0, 1] be a continuous function such that Ik < h < 1 K s . We can 
assume that h 1 / p is d-Lispschitz. From (2.4.15), we have 

(2.4.16) \\(f-gnh\\ T <e. 

To shorten notations, for every g, G y 1 , we shall denote the measure g(A x .) G 
A4 + (T) by ha- For all a G A we have, from (2.4.16), 

(2.4.17) \(g%-g a A )((f-g p )h)\<2e. 

On the other hand, from Condition 5, we have 

(2.4.18) lim \ (gA — g°A){g p h) \ = 0 

a 
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because gh 1 / p is d- Lipschitz. Also, as Ma(1) = Ma (!) = p (^) and MaO) 
g^(h), we have 

(2.4.19) lim /^(l — h ) = (1 — h) < p-A (12 \ AT) < e. 

a 

We thus have, using (2.4.17), (2.4.18) and (2.4.19), 

lim sup |(ma - Ma)(/)I < limsup |(ma - Ma)((/ ~ 

a a 

+ lim|(MA -Ma)( 5 p ^)I 

a 

+ limsup(/A4 + A^a) (1 — h) 

a 

< 4e, 



and this proves 2. J 

Theorem 2.4.3 (The subspace 3 l p t v . ) Assume that T is hereditarily Lindelof 
and regular (thus completely regular). Assume fuHhermore that T is separable (or 
that T contains a dense subspace with non-measurable cardinal, see Section 1.4). 

(a) The restriction to v ^ of the topology v is induced by the semidistances 
A (ft (d £ V) defined by 

Af (X,Y)= ^d(X,Y)* dP 

( b ) Furthermore, if T is Radon and its compact subsets are metrizable (e.g. T is 

Suslin) and if P is nonatomic, then is dense in y]) p . 

Proof. 

(a) Topology induced on X P TT) y Let (X Q ) a £ A be a net in and let X ^ £ 

X p TV y Assume that A^(X a ,A' 00 ) — > 0 for each d £ V. We will check Condition 
3 of Proposition 2.4.1. Let d £ V. We then have 

(2.4.20) lim E{d{X a ,X oo y) = 0, 

Ot 

thus, using Holder’s inequality, 

\imE(d(X a ,X oo ))=0. 

a. 

For any f £ BLi(T, d) and any A £ S, we thus have 

lim A (| 1 a/(Aq.) — l A f(X oo )\)<\imE(l A d(X a ,X oo ))=0. 

a. a. 
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From Part E of Theorem 2.1.3, this proves that (S x ) a W-stably converges to 
5 Xaa . Let a G T. Let £ > 0 and let R > 0 such that 

(2.4.21) E ( l {teT; *(„,*»*} (*«,) d(a, I m ) p ) < e. 



Let us define a continuous truncation function 6 by 



d{x) = { 



0 

R — R( x — R) 
x 

—R + R(x + R) 
0 



if x > R + 1, 
if R < x < R + 1, 
if — R < x < R, 
if — R — 1 < x < —R, 
if x < —R — 1. 



From (2.4.21), we have 

(2.4.22) E (d(a, X^Y - 6 p {d{a, X x ))) < e. 

On the other hand, as (5 Xa ) a W-stably converges to S x , we also have 
lim E(6 P ( d(a , X a ))) = E (0 P (d(a, X ^))) , 

a 



thus, using (2.4.20), 

(2.4.23) lim E ( d(a , X a ) p - 6 P ( d(a , X a ))) = E (d(a, .X 00 ) p - (F (d(a, X^))) . 

a 

From (2.4.22) and (2.4.23), we have 

lim E(d(a,X a ) p -9 p (d(a,X a ))) <e 

a. 

which proves that (S Xa ) a is asymptotically uniformly p-integrable. Thus, from 
Proposition 2.4.1, (S Xa )a converges to S Xoo f° r T ™v 

Conversely, assume that S Xa converges to S Xao for T ™v F° r eac h d G V, define 
an integrand f d : fi x T -> R by = d(X ao (u),t) p . Using Condition 4 of 

Proposition 2.4.1, we have 

[ d(X a , X^YdP = s Xa (f d ) = S Xa (f d ) - SjC" (fd) - 0, 

Jn 

thus A ^(S Xa ,6 Xoa ) converges to 0. 

(b) Denseness of X p JT) y Fix an element a in T. Let fi G y]f p . Let £ > 0. 
Let di,...,d n G V and, for each i G {1, . . . , n} let A* € S and f t : T — > R. 
such that \fi\ < 1 + di(a,.) p . For each i G {l,...,n} and for each R > 0, let 
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B ^ ={teT; di(a,t ) < R}. As T is Radon, we can find a compact subset K of 
T such that /z(f 2 x K c ) < e/2. We can find R > 0 such that K C Cii<i< n B ^ and 

(2.4.24) Vie{l, ...,n} / 1 + di(a, t) p dg,(ui : t) < £• 

(six 

For each i G {1, . . . , n}, let gi : T — > [— i?, /?,] be defined by 

fi? if /i(t) > R, 

9i{t ) = < /i(f) if - i? < /i(t) < R, 

[-R if //(£) < - A. 

The functions gi are bounded continuous thus, from the Denseness Theorem 2.2.3, 
there exists le.X such that 

(2.4.25) Vie{l,...,n} f ( l Ai ® #,) d (p. - S x ) < e. 

(fix! 

Furthermore, the proof of Theorem 2.2.3 shows that we can assume without loss 
of generality that X takes its values in K, thus 

(2.4.26) 

V/' 6 { 1 , f l Ai (uj)gi(X(uj))dP(u>) = j l Ai (<j)fi{X(uj)) dP{w). 

Jfi J n 

We thus have, using (2.4.24), (2.4.25) and (2.4.26), 

/ ( 1 ^ ® fi)d{n~ 5 X ) < [ (1 A t ® gi) d {n - 6 X ) 

JQx T J flxT 

+ / ( 1 A t ® (/» - 9i))dn 

ifix T 

< 2e, 

which proves the denseness result. j 




Chapter 3 



Convergence in probability 
of Young measures (with 
some applications to stable 



convergence) 



We assume in this chapter that T contains a dense subspace with non-measurable 
cardinal (see Section 1.4). This assumption will not be recalled in the hypothesis 
of the theorems, but we shall mention it every time we use it. 

The main results of Sections 3.1, 3.2 and 3.3 appear (in a metric setting) in 
[CRdF04] . 

3.1 Stable convergence 

versus convergence in probability 

We shall compare here ^-stable convergence of disintegrable Young measures 
(mainly W-stable convergence) with convergence in probability of the associated 
random laws. Actually, this comparison will be continued with some by-products 
of the results of the other sections. 

Convergence in probability of random elements Let us recall Hoffmann- 
Jprgensen’s definition of convergence in (Baire) probability [HJ91, HJ98]. We say 
that a net (X a ) aS A of random elements of T converges in probability to a random 
element if, for any bounded continuous function / : T — > R, we have 

(3.1.1) lim [ | f(X a ) - /(Xoo)| dP = 0. 

a Jn 
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It is not difficult to show that, for any bounded real random variable Y . we have 

(3.1.2) [ |F| dP > sup f YdP > l [ \Y\dP, 

Jn Aes J a 2 

thus (3.1.1) is equivalent to 

(3.1.3) lim [ ( f(X a ) — /(Xqo)) dP = 0 uniformly in A € S. 

a J A 

We shall see later (see Theorem 3.1.2) and Corollary 3.2.2), that, if T is completely 
regular separable, W-stable convergence coincides on X with convergence in prob- 
ability. This means that we can replace the expression “uniformly in A £ S ” in 

(3.1.3) by “for each A £ 5”. 

One immediately notices that this notion of convergence in probability depends 
only on the bounded continuous functions on T, not on the whole topology tj. Con- 
vergence in probability means convergence with respect to the topology induced 
by the semidistances where / runs over the space C (T, [0, 1]) of continuous 

functions from T to [0, 1] and, for all X, Y e X, Ap^(X, Y) = E (| f(X) — f(Y) |). 
We denote by r pro b (X(T)) this topology. The topology induced by r pro b (X) on T 
is generated by the semidistances df(t,s) = \f(t) — /(s)|, thus it is the coarsest 
topology such that the elements of C (T, [0, 1]) be continuous. This topology is 
coarser than tj and it coincides with tt if and only if T is completely regular (see 
[Eng89, Example 8.1.19]). 

Actually, Hoffmann-Jprgensen also defined in [HJ98] a stronger notion of con- 
vergence in probability, which always induces tj, but we shall not consider it here. 
Note also that Hoffinann-Jprgensen’s definitions and theory also apply to non- 
necessarily measurable random elements of a non-necessarily Hausdorff space. 

In the case when the topology of T is induced by a family V of semidistances, 
Hoffinann-Jprgensen’s definition coincides with the usual one ([HJ91, Theorem 
7.4] or [HJ98, Corollary 4.7]): 

Hoffmann— Jprgensen’s characterization of convergence in probability 

Assume that the topology of T is induced by a family V of semidistances (and that T 
contains a dense subspace with non-measurable cardinal). The following assertions 
are equivalent: 

(a) (X a ) a6 A converges in probability to X ^ (in the sense given above). 

(b) lim a P {d(X a , X x ) > e} = 0 for all d £ V and for all e > 0. 

(c) lim a E (d(X a , X^) A 1) = 0 for all d £ V. 

If d is a semidistance on T, we shall denote by A^ b the semidistance on X 
defined by 

A { p d l h (X : Y) = E (diX^X^) Al) . 
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If the topology of T is induced by a family V of semidistances, then r pro b (X) is 
induced by the semidistances A^ jb (d G V). Note that if d is a distance on T, then 
Aprob i s a distance on X(T), and if d is compatible with the topology of T, then 

Aprob compatible with the topology r pro b (X). If (A a ) a6 A is a net of random 
elements which converges in probability to a random element Xoo, we write 

V" prob -y- 

-^-Ct ^ ^ OO • 



Proposition 3.1.1 Assume that T is a subset of a completely regular space S. 
Then r pro b (X(T)) is the restriction on X(T) of the topology r pro b (X(S)). 

If furthermore T is a closed Gs -subset ofS, or if T is a closed subset ofS and 
S is hereditarily Lindelof, then X(T) is r pro b (X(S)) -closed in X(S). 

Proof. The first part of Proposition 3.1.1 is clear, in view of the above Hoffmann- 
Jprgensen characterization of convergence in probability in completely regular 
spaces. 

Assume that T is a closed subset of §, and let (X a ) aG A be a net in X(T) which 
converges in probability to a random element X ^ of S. 

Assume first that T is a G^-subset of S. Let (G n ) raS N be a decreasing sequence 
of open subsets of S such that fl ne NG„ = T. Take for each n G N a continuous 
function /„ on S such that /„ = 1 on T and f n = 0 on G c n . We can furthermore 
assume that (/„)„ is decreasing and 0 < /„ < 1 for every n. We have /„ o X a = 1 
for every n G N and every a G A, thus, for every n G N, we have 

[ fn° XoodP = lim [ f n o X a dP = 1, 

J n ° Jn 

which proves that X^ui) G T for P almost every wGll. 

Assume now that S is hereditarily Lindelof. The law C (X^) is thus r-regular. 
Furthermore, the law C(X a ) of X a converges in _Ad +,1 (S) to C(X oa ). As S is 
completely regular and T is closed we thus have, from the usual Portmanteau 
Theorem [Top70b, Theorem 8.1], 

P {Xoo GT} = £ (Xoo) (T) > lim sup £ (X a ) (T) > 1. 



□ 



Convergence in probability of Young measures We endow _A/1 +,1 (T) with 
the weak topology (see page 13) and we consider the topology r pro b (X(At +,1 (T))) 
on the space (F bis (T) ~ X(Af +a (T)). We denote this topology by r pro b (^ is (T)), 
for short r pro b (J^dis) b no ambiguity is to fear. The weak topology on A1 + ' 1 (T) is 
induced by the family of semidistances d/(/z, v) = \ p(f) — v(f) |, where / runs over 
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C (T, [0, 1]) thus the topology r pro b (3^ is ) is induced by the semidistances Ap^£ b 
(/ G C (T, [0, 1])), that is, we have 

V/eC (T, [0, 1]) lim [ I a£(/) - /C(/)l dP(u) = 0 . 

Q J n 

Using (3.1.2), we see that the semidistance Ap^ b is equivalent to the semidistance 
^prob defined, for all fi, v G ^ is , by 

(3.1.4) A^ b (/x, v) = sup |/i( 1 A ®f)- v( 1.4 <g> /)| • 

AeS 

Now, we see that (3.1.4) still has a meaning if /i or v is not disintegrable (actually, 
it has a meaning for any /i and any v in A4 + (fl x T)). Thus we can extend to y 1 
the topology T pro b ((Vj is ), using the semidistances Ap^ b defined by (3.1.4). This 
extended topology of convergence in probability will be denoted by r pro b ((V 1 )- 
For each /./, G y 1 and each A G S, let us define a finite measure ha on T by 






HA = h(A x .). 

From (3.1.4), we see that a net (^ Q ) a6 a in (V 1 converges in probability to a Young 
measure h°° if an d only if we have 

(3.1.5) V/ G C (T, [0, 1]) lim sup | HaU) ~ Ma (/) I = 0, 

a AeS 

that is, (ha)oi£A weakly converges to h°° uniformly in A G S for the uniformity 
on _A4 + (T) induced by the semidistances (fi, v) > | p,{f) ~ u {f) |> / G C (T, [0, 1]). 

Comparing (3.1.4) or (3.1.5) with Condition 13 in Theorem 2.1.3, we immedi- 
ately get Part 1 of the following theorem. Part 3 extends a result of Jacocl and 
Memin [JM81b] for Polish spaces (see also [Let98, FGT00] and, in the case T = M, 
the remark of Dellacherie [Dcl78] which follows the paper of Meyer [Mey78]). The 
result of Part 3 will be further improved in Corollary 3.2.2. 

Theorem 3.1.2 (Comparison of r pro b (3^ji s ) an d T yi) 

1. The topology r pro b (j 71 ) is finer than Ty i . 

2. T pro b (d^dis) is strictly finer than Ty X if and only if T has more than one element 
and (fl,<S,P) has a nonatomic part. 

3. If T is completely regular, both topologies coincide onX(T). 

4. If T is regular cosmic , then X(T) is T pro b ((Vdis) ^closed in X (A4 +,1 (T)) = 
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Remark 3.1.3 Recall that we have proved in Theorem 2.2.3 that, if T is Radon 
and its compact subsets are metrizable (e.g. if T is Suslin), and if P is nonatomic, 
then X is Ty [ -dense in y 1 . This results contrasts with Part 4 of Theorem 3.1.2. 

We shall see with Corollary 3.2.2 that, when T is regular Suslin, the relation 
between T pro b (j 71 ) and Ty\ is similar to the relation between the topology U 
of uniform convergence and the Skorokhod topology J\ on the Skorokhod space 
O[0, 1] (see e.g.[Bil68, Page 150]): U is finer than Ji, but if (. x n ) n Ji-converges to 
x and x € C\ 0, 1], then (x n ) n U - converges to x. Furthermore, C[0, 1] is a closed 
subset of D for U, but it is dense in D for J\. 

Before we prove Theorem 3.1.2, let us consider the following example, which 
shows that a sequence (/it") of random elements of A4 +,1 (T) may converge S-stably 
to a random probability p°° without being convergent in probability. 

Example 3.1.4 (Rademacher sequence in a topological space) Assume 
that T has at least two distinct elements a and b and assume that (Cl, S, P) has 
no atom. We can build an independent sequence (t n )„>i of T-valued random 
elements such that P{r„ = a} = P{r„ = b} = 1/2 for every n. 

First, the sequence (£ t )„>i S-stably converges to the Young measure /i = 
1/2 ( A a + S b ). Indeed, let S be the set {a, b} endowed with the discrete topology 
{0, {a}, {6}, §}. As S is a closed subspace of T, it is straightforward to check 
that (J ;1 (S),ryi(S)) is a topological subspace of (J ;1 (T),t|,i(T)). Thus, we only 
need to prove that (£„„)«> l S-stably converges to /z in J ;1 (S). The space S is 
Polish. From Part G of Portmanteau Theorem for Stable Topology 2.1.3, we thus 
only need to prove that (<i Crl )n>i W-stably converges to fi in 3^ 1 (§). Let A £ S 
and let / : S — » R. be a function (necessarily, / is bounded and continuous!). If 
f(a) = f(b), we have £ tji ( 1 a ® /) = P(A)f(a) = /i(l A ® /) for every n > 1. 
Assume that f(a) / f(b). Using a translation and a rescaling, we assume without 
loss of generality that /(a) = —1 and f(b) = 1. For n > 1, set X n = f ot„. We 
have, from Bessel’s inequality, 

E(t A ) = E(l\)>J2(X n , 1 a ) 2 , 

n> 1 

thus ((X n . In ))n converges to 0 and we have 

iim^JlA ® /) = lim E (X n t A ) = 0 = ^(/(o) + f(b))P(A) = n( 1 a ® /)■ 

n> 1 n > 1 Z 

In order to show that (r„) n >i does not converge in probability to /r, let us 
consider again a bounded function / on T such that /(a) = —1 and f(b) = 1. The 
function : AI +,1 (T) — » K defined by ^^(r/) = i/(/) is bounded continuous, but 
we have, for any n > 1 and any uj £ Cl, 

\®f (<5t„(A)) - % (Mu;)| = | f(*n(u>)) - \ (f(a) + f(b )) | = |/(r„(w))| = 1. 
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Proof of Theorem 3.1.2. 

1. Let (n a ) a eA be a net in y 1 which converges in probability to n°° £ y 1 , that 
is, 

Vfec (T, [0, 1]) lim sup |/i“( 1 A 0f)~ M°°( U Of) | = 0. 

From Part D of Theorem 2.1.3, we have /i Q ^ stab - ly > ^oo _ 

2. If T has only one element, r pro b (j 71 ) and Ty ± coincide obviously. If (12, S, P) 
has no nonatomic part, let Ai, . . . , A n , ... be the atoms of (12, S, P). Let e > 0. 
There exists an integer N such that P(U„<jvAi) > 1 — e. Let (/z a ) aS A be a net in 
y 1 which W-stably converges to /x°° £ y 1 . We then have, for every / £ C (T, [0, 1]) 
and for every a £ A, 



A (u a u° 
^"prob ’F 



< sup |/z“( 1.4 O f) - M°°( 1a O f)\ + 2e 
Ae5,AcU n < w A„ 

< Y, Im“( U, of)- H°°( l An Of) | + 2e. 



Thus (^i“) q6 a converges in probability to g°°. 

Conversely, assume that T has at least two elements a and b and that (12, S, P) 

has an atomic part 12o- If 12o = 12, the proof that r pro b (3/^) is strictly finer than 

Ty! is provided by Example 3.1.4. Let us show that the general case amounts 

to this particular case. Let be the er-algebra {^4 n 12 0 ; A € S} and let P 

too too 

be the restriction of P to <S| . Let Po be the probability on (12 0 ,S| ) defined 

I&6Q liiQ 

by Po = p(o 0 ) P| Q • Then (12o,«S| ,Po) has no atoms, thus we can construct a 

T-valued Rademacher sequence (t n ) n on (12 0 ,<S| , Po), such that Po{v„ = o} = 

too 

P 0 {r„ = b} = 1/2. We extend t n to 12 by setting r n (cu) = a for every oj £ 12 \ 12 0 . 
The sequence (5 t ) n W-stably converges to the Young measure jj. £ defined 
by 

^ _ f 1/2 (< 5 a + 5b) if u> G 12 0 
^-\6 a if w G 12 \ 12 0 . 

But (5 t ) n does not converge in probability because, otherwise, its restriction to 
12o would converge in Po~probability. 

3. We only need to prove that, on X, W-stable convergence implies convergence 
in probability. Let (X a ) ae A be a net of elements of X which W-stably converges 
to an element X^ of X. Let I? be a set of continuous semidistances which induces 
the topology of T and such that each element d of V satisfies d < 1. Let d £ V. 
Let g £ BL 1 (12,T, d) be defined by 

g(u,t) = d(t, Y/x^w)). 

Proposition 2.1.10 yields 



lim J d(X a , Xoo) d P = lim J gd5 Xa = J g 



d5 x — 0 , 
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thus (X a ) aS A converges in probability to X^. 

4. Assume that T is regular cosmic. Then, from Proposition 1.3.2, At +,1 (T) is 
regular cosmic, thus perfectly normal. As T is closed in _M +,1 (T), it is thus a Gs 
subset of _M +,1 (T). We thus only need to apply Proposition 3.1.1. Q 

Using Part D of Theorem 2.1.13, we immediately get the following link between 
convergence in probability and narrow convergence of random elements. 

Corollary 3.1.5 (Convergence in probability and narrow convergence on 
the subspace £(T)) Assume that T is cosmic regular (thus completely regular) 
and S is the Borel a -algebra of a cosmic regular topology tq on fl, or that T is 
Suslin regular and S is essentially generated by a cosmic regular topology tq, on Cl. 
Let ( X n ) n (n € N) and X^ be random elements of T. Then (X n ) ne ^ converges in 
probability to X^ if and only if the sequence of probability laws (<5x„)™ converges 
to 6 X for the narrow convergence on At +,1 (f l x T). 

Corollary 3.1.6 (Random laws seen as degenerate Young measures on 

A1 +,1 (T)) Assume that T is cosmic regidar. Then r pro b (Adi s ) the restriction to 
X(At + ,1 (T)) of T yi(_A 4 +,i(T)) ■ 

In other words, T pl . 0 b (Adi s ) the coarsest topology on Adis suc h that, for each 
bounded continuous function $ on A1 +,1 (T) and each A G S, the mapping p i— > 
f 4 4 > (p u ,)dP(aj) is continuous. 

Proof. From Proposition 1.3.2, At +,1 (T) is cosmic regular, thus it is separable, 
hereditarily Lindelof and completely regular. The result follows by applying Part 
3 of Theorem 3.1.2 to the space At +,1 (T). Q 

Remark 3.1.7 If T is cosmic regular, we can thus compare Ty, and r pro b (Adis) 
as follows. Let (p a ) ae A be a net in y 1 and let p°° G A 1 - If / G C (T, [0, 1]), we 
denote as usual by <!>/ the bounded continuous function v i— > v(f) on Af +,1 (T). 
We thus have 
(3.1.6) 

VAgS V3> G C(Ad + ’ 1 (T),[0,l]) 

lim [ $( M 2)dPH= / $(/C)dPM 

“ Ja Ja J 

(and then, for each $ G C (At +,1 (T), [0, 1]), the latter convergence is uniform in 
A G S), whereas 



p°° <G> 



(3.1.7) 



p°° <G> 



VAgS V/ G C (T, [0, 1]) 

lim / $/GOdPM= / $/(^)rfPM 
“ J a Ja 



W— stably 
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The main difference between (3.1.6) and (3.1.7) is that, in (3.1.7), the test functions 
<!>/ act linearly on A1 + ' 1 (T). 

To show that the Rademacher functions (or the degenerate Young measures 
associated with them) do not converge in probability (see Example 3.1.4), we can 
take T = {—1,1} and consider a (bounded continuous) function $ on A4 +,1 (T) 



such that <f>((5_i) 



<1>(<5i) = 1 and $ 





= 0 . 



Remark 3.1.8 We can consider (Vdi s (T) as a subset of AcL (A4 +,1 (T)) in two 
different ways. 

1. In the first way, we identify T with the closed subset {<5 t ; t £ T} of _A4 +,1 (T). 
If ^(T), we associate with p a Young measure Jl € y 1 (Af +,1 (T)), defined 
by 

J1{A x B) = n(A x {t £ T; S t G B}) ~ p(A x (B ft T)) 

for any A G S and any B £ Bm+, i(t). The measure Jl is thus the image of 
/i by (u,t) e- > (uj,St). It is easy to check that the topology r yi(_ ax+^RT)) on 
{Jl; n € y 1 (T)} coincides with the topology induced by the mapping /i i— > Jl, 
that is, the mapping i — s- is an embedding of J ;1 (T) in y 1 (_M +,1 (T)). 

2. In the second way, we see each random probability p, £ d 7 di s (T) as a degenerate 
Young measure on Af +,1 (T), that is, we identify Y4 +,1 (T) with the closed subset 
{<5 m ; p G Y4 +,1 (T)} of Y4 +,1 (A1 + ’ 1 (T)). Each / x G d'di^T) identified with the 
disintegrable degenerate Young measure p = 5^ G y 1 (Af +,1 (T)), defined by 



p (AxB)= [ 5^{B)dP(uj) =P (An{u £0; ^ £ B}) . 

J A 

Thus p is the image of P by the mapping 

In Corollary 3.1.6, we chose the second way, that is, we identified Ad^T) with 
{p; p £ d 71 ^)}- Assume that T is a cosmic regular space with more than one 
element and that (f2, 5, P) has no atom. From Theorem 3.1.2, it follows that, 
under this identification, the topology is strictly coarser than the topology 

induced on ^(T) by t$ (A/(+ ,i ( t)) . 

Here is a small complement to Theorem 3.1.2. 

Proposition 3.1.9 (*— Stable convergence vs. convergence in probability 
on the subspace £(T)) The topology induced, on £ by rjfi is finer than that of 
convergence in probability, which is finer than the topology induced by Ty X . 

Proof. We have already proved in Theorem 3.1.2 that the topology of convergence 
in probability on £ is finer than the topology induced by r"i . 
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Let {X a ) ae & be a net of elements of X which M-stably converges to an element 
Xco of X. Let / : T — > R. be a bounded continuous function. Let g be the integrand 
on x T defined by 

9(u,t) = | f{t) - /(Xoo (w))| . 

For each oj G ft, the function g(u , .) is continuous. From the definition of M-stable 
convergence, we have 

lim [ j(w,X a (w))dP(w)= [ g(w, X^u)) dP(u>) = 0, 
a J a -hi 

thus (X a ) aS A converges in probability to X^. ~~ ] 



3.2 Parametrized Dudley distances 

In this section, in the case when tt is induced by an upwards filtering family 
T> of semidistances, we provide a family of semidistances on y 1 , indexed by T>, 
which induces r pro b (y 1 ) (see Theorems 3.2.1 and 3.2.3). We also continue the 
comparison of r pro b (y 1 ) with Tyi or r-yi (see Corollary 3.2.2 and Remark 3.2.4). 

First, we fix some new notations. Let d be a continuous semidistance on T. 
Recall (see page 33) that BL-^fl, T, d) denotes the space of integrands / such that 
f(u), .) G BLi(T, d) for all to G and that BL) (fh T, d) denotes the set of elements 
/ of BL 1 (fl,T, d) which have the form / = i 1a 4 <8> gi , where (^4i)i<i< n is a 
measurable partition of Ll (which depends on /). We set, for all p, v G yy 

Abl(^>^) = / A^(/x w ,^)dP(w). 

J n 

We call A^g the parametrized Dudley semidistance associated with d. 

Theorem 3.2.1 Assume that T is completely regular. LetV be an upwards filter- 
ing set of continuous semidistances which induces the topology of T. The topology 
Tprob (yy is induced by the family ( Ag d g ) and we have, for each d G V and 

all n, v G yy 

(3.2.1) v) = sup W) ~ v{f)) = sup W)-v{f)). 

/eBL 1 (n,T,d) /eBLi(f2,T,d) 

Furthermore, if d is a distance, then Agg is a distance on y) is . 

Proof. We know from Section 1.3 that the topology of A4 +,1 (T) is induced by 
the family (Ag fl)dev of semidistances, and that, if d is a distance, then Agg 
is a distance on _A4 +,1 (T). The corresponding results for (Ag^gc come from 
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Hoffmann-Jprgensen’s characterization of convergence in probability (see page 54) 
and from the fact that we have, for each d £ V (with horrific notations !) 



A ( d ) — A 

— BL " ^prob 



(AgS) 



Now, we have to prove (3.2.1). Let d £V. Let //,, v € ^ is . We have 



sup (n(f) - v{f)) < sup (n(f) - u(f)) 

/eBLi(n,T,d) fgBLjtO.T.d) 

< [ sup GM/( W > .)) - I^ w (/(w, .))) dP(u) 

Jn f£BL 1 (n.T.d) 

< [ A^(^,iz w )dP(w). 

Jn 

There remains to prove the converse inequalities. By an obvious factorization 
to a quotient space, we can assume w.l.g. that d is a distance. Let e G]0, 1]. The 
measures /u(f2 x .) and v(Ll x .) are inner regular w.r.t. the totally bounded subsets 
of T (see Section 1.4), thus there exists a totally bounded subset K of T such that 



(3.2.2) /x(f2 x K ) > 1 — e and v(0 x K) > 1 — e. 



For any continuous function / on T and any B C T, let us denote ||/|| B := 
sup tgB |/(t) |. The set of restrictions to K of elements of BLi(T, d) is totally 
bounded for ||.|| K (it is a subset of the compact space BLi(A",d), where K is the 
d-completion of K). There exist thus hi , . . . , h n £ BLi(T, d) such that, for each 
h £ BL^T, d), we have inf^i^..^ || h— hi\\ K < e. For every u £ Cl, there exists 
N(u) £ {1, . . . , n} such that 



hu>{h N { w) Ik) - v u {h N ( u ) l K ) > sup t K ) - ^{h 1 K )) - 2e. 

heBLi(T,d) 



Obviously, we can assume that N is measurable. We have, for every ui £ 12, 

Abl(Mw, v u ) < fi u K c + r^A' c + sup {n u {h t K ) - v u (h 1^)) 

heBLi(T,d) 

< n u K c + i'ujR c + £i w (^./v(w) ^k) — Vui{hN( ui) 1/f) + 2e 

(3.2.3) < 2/x u ,A c + 2u UJ I\ c + /r w (/ijv( w )) — Aj(^iv( «)) + 2e. 



Using (3.2.2) and (3.2.3), we thus have 



/ A u u ) dP{co) <2/i(i!x K c ) + 2 u{flx K c ) 

Jn 

+ / h j uj{hN(oj)') Aj (^K(oj)) J P(^) “b 2^ 

Jn 



< sup (n(f) - v{f)) + 6 e 
f£BL' fn.T.d) 
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because the mapping (u>,t) e- > h x r u Xt) is i n BL'| (Q, T, d ). As e is arbitrary, this 
shows that we have 

/ = SU P W)-v(f))- 

Jn /eBL'(n,T,d) 

□ 

The following corollary extends the result of Part 3 of Theorem 3.1.2. 

Corollary 3.2.2 (Convergence in probability implied by W stable con- 
vergence) Assume that T is completely regular. Let (/x“) aS A be a net in and 
let X £ X. Then (/x“) q£ a W-stably converges to = S x if and only if (/z a ) aS A 

converges in probability to S x . 

Proof. We know from Part 1 of Theorem 3.1.2 that, on 3^ , convergence in 
probability implies W-stable convergence. 

Assume that (p a ) a£ A W-stably converges to p°° = S x . Let V be an upwards 
filtering set of continuous semidistances which induces the topology of T. We can 
assume that each element d of V satisfies d < 1. Let d £ V. 

For each / € BL 1 (fl, T, d), we have 



f(iv,t) d(pZ -/C)(*) dp M 



f(u,t)-f(w,X(w))dnZ(t) J dP{u) 
\f(u,t) - f(w,X(u))\ dnZ(t)^j dP(u>) 

< J d{t,X(bj)) dpL a (bJ,t). 



< 



Let g £ BL 1 (fh T, d) be defined by g(co,t) = d(t,X(u>)). As (/r “) Qe a W-stably 
converges to p°° = S x . we have, using Proposition 2.1.10, 

gdp°° = J d{X,X)dP = 0. 

We thus have 



lim / g dpT = 



sup 

f£BL. fQ.T.rf) . 



f(co,t) d(gZ -/C)W dP M 



< 



g(u,t) d(pZ - p™)(t) d P(w) 



□ 

In the case when T is completely regular, Theorem 3.2.1 yields a natural exten- 
sion of the topology r pro b (3d is ) °f convergence in probability to the whole space 
y 1 , and the results of the Comparison Theorem 3.1.2 continue to apply to this 
extended topology. 
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Theorem 3.2.3 (Extended parametrized Dudley distances) Assume that 
T is completely regular and let V he an upwards filtering set of continuous semidis- 
tances which induces the topology of T. For each d £ V and for all p, v £ y 1 , the 
last equality in (3.2.1) remains valid if p or v are not disintegrahle, that is, we 
have 

sup (p(f) - v{f)) = sup (p(f) - i/(/)) . 

f£BL 1 fn.T.rf) /GBL'(Q,T,d) 

Thus we can take (3.2.1) as a definition of the semidistances Agg on the whole 
space y 1 . Furthermore, the extended topology of convergence in probability on y 1 
(see page 56) is induced by the extended semidistances Agg (d £ T>). 

In particular, the topology induced on y 1 by the extended semidistances 
(d £ V) does not depend on V. 

Proof. Let d £V and let p,u £ y 1 . We have 

sup (m(/) ~ K/)) > sup (p{f) - v(f)) . 

f£BL 1 (C2,T,d) f£BL' (O.T.d) 

Let us prove the converse inequality. Considering a quotient space, we can assume 
w.l.g. that d is a distance. Let S be the d-completion of T. For simplicity of 
notations, we identify p and v with their unique extensions in 3P(S), and we 
identify each Lipschitz function on T with its unique extension on S (otherwise, 
we could use notations similar to those of the proof of Corollary 2.1.8). Assuming 
that T contains a dense subspace with non-measurable cardinal, we can find a 
Polish subspace So of S such that p(Cl x So) = n(Ll x So) = 1. The Young 
measures p and n on So are disintegrable elements of 3 7l (So). We thus have, from 
Theorem 3.2.1, 

sup p(f) - v{f) = sup p(f) - v(f) 

/egL 1 (n,T,d) /eBL 1 (n,s,d) 

< sup p{f) - v(f) 

/GBL, (f2,§o,d) 

= sup p(f) - v(f). 

/GBLi (f2,So,d) 



But, from a theorem of Kirszbraun and McShane, each Lispchitz function on So 
can be extended into a Lipschitz function on S with same Lipschitz modulus (see 
[Dud76, Theorem 7.3] or [Dud02, Theorem 6.1.1]). We thus have 

sup p(f) - v{f) < sup p(f) - v(f) 
f£BL 1 (n,T,d) /6BLi(Q,S,d) 

= sup p{f)-v(f)- 
f GBLi(n,T,d) 

This proves that the last equality in (3.2.1) remains valid in y 1 . 
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Now, let Tp rob (j^ 1 ) be the topology induced by the semidistances Ag b (d € T>), 
and let us show that r' rob ((y 1 ) = r pro b ((y 1 )- If A is a semidistance on a space T 
and t € T and £ > 0, let us denote by Ba (t, £) the open ball for A with center t 
and radius e. With this notation, we only need to prove that 

[%] each ball B .(d) (p,r) contains a finite intersection of balls B-r(f i > (p, Pi) 

-BL A prob 

(ii) each ball {p, p) contains a finite intersection of balls B .(dp (p,Ti). 

prob AbL 

To prove (i), let p G y 1 , let d G V, and let r > 0. Assuming that T contains 
a dense subspace with non-measurable cardinal, we can find a finite subset K= 
{t \, . . . , t n } of T such that 

Bn (ytetcBd (t, g)) > 1 - ^6’ 

where pet = p(& x •)• For i = 1, . . . , n, let 

Ui = B d ( U , 0 and Vi = B d 0, 0 . 

Let 

U — and V Ui<^< n V). 

Let 

Vo = T \ 0i <i< n B d (ti, - ^ 

(where B d (t,p] denotes the closed d-ball with center t and radius p ), and let 
(fi)o<i<n be a partition of unity subordinated to the open cover (Vj)o<i< n (such 
a partition of unity can be constructed e.g. in the quotient space T/d and then 
lifted to T). Now, let v G y 1 satisfying 

AS Lfe-) < ^ 

and ^ 

Vi = 1, ... ,n A^ b (p,v) < £-. 

First, observe that we have 

(3.2.4) ^n(/o) = {m -Bn)(/o) + Bfi(/o) < 0 +Bn (U c ) < 0 

16 8 

Let g G BL 1 (n,T,d). We have, for i = 1,. . ,,n, 

(3.2.5) Vlo £ fl VtGVi \g(u,t) — g(u,ti)\ < 0 

Let us make a small technical remark. Let u : Ll — * [—1, 1] and h : T — > [—1, 1] 
be two bounded measurable functions. Let A be the measure (p — ^)(. (S> h) on 
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Let (A + ,A ) be the Jordan decomposition of A. There exist two sets Si 
and S 2 in S such that Si fl S 2 = 0, Si U S2 = ft, and A + (S2) = 0 = A - (Si). Let 

Ah = (Si n {u > 0}) u (S 2 n {u < 0}) . 



We then have 
(3.2.6) 

(/.t -v)(u®h) = A (u) < A( t Ah ) = (gA h ~ VA h )(h ) < sup \(p A - v A ){h) \ . 

AeS 

Now, to avoid heavy notations, let us identify each f, with the corresponding 
integrand In®/). Similarly, let us identify each g(., t/) with the integrand (u, t) 1 — > 
Using (3.2.4), (3.2.5) and (3.2.6), we then get 



(M - v){g) = ^(/i - v){gfi) 

i = 0 
n 

< - v)(gfi) + M/o) + mifo) 

i= 1 

n n 

< - M(s(-> u)fi) + Y^ - 0((s - 9(;ti))fi) + | g 

2= 1 2= 1 

n n 

< Y su p K/ m - v A )(fi)\ + Y Mis - s(-,U)l U) 

Yi A ^ s 

n 

+ Y U ^9- g{;ti)\fi) + | 



2=1 









4 ' 4 

2 = 1 



r r r r 

< — I 1 1 — = r. 

“444 4 



r* r 

Setting po = — and pi = — for i = 1, . . . , n, this yields 
16 4n 



n" =0 S s(/i ) (//,pi) C B.(d) (n,r) . 



To prove (m), let p G (V 1 , let / € C (T, [0, 1]) and let p > 0. We can assume 
without loss of generality that p < 1. Some surgery on p will be necessary. 

First Step For each t G T, as T> is upwards filtering, we can find r/ t > 0 and an 
element d t of V such that 



(3.2.7) 



Vs G T d t {s, t) <r) t => |/(s) - f(t ) | < p/8. 
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Let us denote by d d B the boundary of a subset B of T w.r.t. a semidistance d. As 
the set of positive numbers r such that 

Hnd dt B dt (: t,r ) > 0 

is at most countable, we can choose rj t such that 

(3.2.8) md dt B dt (t,Vt) =0. 

Let 

U t = B dt (t, rjt/ 2) and V t = B dt ( t , ?y t ) . 

We have T = U t6 T U t , thus, from r -regularity of /xn (assuming that T contains 
a dense subspace with non-measurable cardinal), we can find a finite subset K= 
{ti,..., t n } of T such that 

(3.2.9) /in(U teJf C7 t )>l-|. 

Let 5 £V such that 6 > d t for every t £ K. Set 



i) = min rj t , U = U t£K U t and V = U teK V t . 

t£K 



We can find a function h £ BLi(T, S) such that h = rj/2 on U and h = 0 on V c , 
e.g. take hs(s ) = ( 77/2 — <5 (s, U)) + . We have 1 u < (2/rj)h < ly thus, for any 

v£y\ 



2 

V 



v £ B.( S ) (h, rjp/16) => m{V) > -m(h) > - nn(h) \m(h) - fin(h)\ 

— B L 



> Mo ( U ) - ^ A 

> 1 _ P ^VP = 1 _ P 



(3.2.10) 



?7 16 4 

Second Step We construct a partition (Vj)i <i< n of V by setting 



Vi =V tl , 

Vi +1 = Vt i+1 \ Uj<iV tj (1 < * < n - 1). 
For each e > 0 and each i = 1, . . . , n, let 



Vf = B S (Vi, e) and (V?) e = B 5 ( Vj c , e) . 

From (3.2.8), each V* has ^-negligible <5-boundary, thus Mo(^i) = inf e>0 VniYi)- 
We can thus choose £ £ ]0, 1[ such that 



(3.2.11) Vi = l,...,n Mo (Yi \ Vi) < 



and ^((yn e \vn<f- 
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Let us now find a proper bound on Agg (v, p) so as to make each | (p A — v A ) (Vi) \ 
small enough. 

For each i = 1, . . . , n, let and hi in BLi(T, S) be defined by 



9i(t) = (■ e-5(t,Vj)) + 
hi(t)= (e-S(t,d s Vi)) + 



for all te T. We have 0 < hi < gt < s, gi = e on Vi, gi = 0 on ( Vf) c and /;, = 0 
°n (V.i) c U ((Yi) e ) c - 

If v € y 1 satisfies A #l(p, v) < ep/l6n, we have, for each i = 1, . . . , n and each 
A e 5, 



(3.2.12) 

(3.2.13) 



(Pa ~ va)(—) 
\ £ J 

(p A ~ va) (—') 
\ £ J 



1 ep 
e 16n 
1 ep 
e 16 n 



P 

16n 

P 

16n 



Furthermore, under the same hypothesis, we also have, using (3.2.11) and (3.2.12), 
(v A - PA)(Vi) < v A (Jj'j - p A (Vi) 

= i v A ~ Pa) (*) + Pa (y 1;-) 

<Wa-Pa)(^)+Pa(V?\ V) 

< ±- + A 

16 n 8 n 4 n 



and, using (3.2.11), (3.2.12) and (3.2.13), 



(p A ~ v A )(Vi) = (p A - v A ) ( — ) - (p A - v A ) lye') 

< (pa ~ v A ) ) + v A ~ P A %=) 

= (p A - v A ) (Jjj + (v A - pa) (^~^j + pa 

< (p A - v A ) (I) + (v A - p A ) (I) + pa mr \ vn 
<^ + ^ + ^ = A 

16n 16n 8 n 4 n 

If v € y 1 satisfies A gg(/z, v) < ep/16n, we thus have, for each i = 1 ,n and 
each 4gS, 



(3.2.14) 



\(pa-v a )(V)\<^. 
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Third Step We now gather the results of the preceding steps. 

Let 

a = min {r;p/16, ep/16n} . 

Let v £ B .a) (pi, a). Using (3.2.7), (3.2.9), (3.2.10), and (3.2.14), we thus have, 

— BL 

for any 4e5, 



I M/) - vaU ) I < m(V c ) + m(V c ) + \pi A (f t v ) - Mf iv)| 

< ^ + ^2 l(MA - V A )(f t Vi - f(ti) lyJI 

l<i<n 

+ f( t i)\(FA-l'A)(Vi) | 

l<i<n 

-f + 8 ^ (^ A + VA )(Vi) + ^ |(/L4 - VA)(Vi)\ 

l<i<n l<i<n 




that is, 

^ob(M^) < P- 



□ 



Remark 3.2.4 (W— stable topology vs. convergence in probability) As- 
sume that T is hereditarily Linclelof and regular (thus completely regular), e.g. 
T is a regular cosmic space. Let V be an upwards filtering set of semidistances 
which induces the topology of T. From Theorem 3.2.3, r pro b (j 71 ) appears to be 
the topology of uniform convergence on the sets BL 1 (U,T, d), (d £ V ), whereas, 
from Theorem 2.1.3 (see Condition 18) and Proposition 2.1.10, Ty[ is the topology 
of pointwise convergence on Udg-pBL-, (fl, T, d). 



3.3 Fiber Product Lemma and applications 

The results of this section are consequences of Theorem 3.2.1. 

Let S and T be topological spaces and let pi € Adi s (^t^) and v £ 3b| is (f2, T). 
We call fiber product of pi and v the measure pi ®_v £ § x T) defined by 

(pi <g> v)u> = Plu <8> Vui 

for every lo £ fi. Note that, in such a general setting, the measure pi OSpv may not 
be defined on S ® B§ x j, because the inclusion B§ (g> Bj C B § x t may be strict. We 
have already seen that BgCiBf = B§ x t when S x T is hereditarily Lindelof or when 
one of the spaces S and T has a countable network (see Theorem 2.1.13.C). It is 
also well-known that, if S or T is first countable, then every measure on B§ ® Bj 
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can be extended to a Borel measure on SxT (see [GP84, Proposition 7.10], slightly 
generalized in [BC93, Exercice 10.9, with solution]). If p u and are Radon, then 
p u 0 Vu can be extended in a unique way to a Radon measure on B§ x t [Sch73, 
Theorem 17 page 63]. 

The following theorem generalizes a classical result [Fis70, Bal88, Val90b, 
Val94, Tat02], In these papers (except in [Tat02]), (jz“) q W-stably converges 
to a degenerate Young measure, but, from Corollary 3.2.2, this assumption is 
contained in Hypothesis (lit) below. 

Theorem 3.3.1 (Fiber product lemma) 

1. Let S and T be topological spaces such that S x T is hereditarily Lindelof regular 
(e.g. S and T are regidar cosmic spaces). Let (/z “) a6 a be a net in 3l) is (S) an d 
(i/“) a6 A be a net in (VdisW ( w ^b, the same index set). Assume that 

( i ) (p “) ae a W-stably converges to p°° £ J 7 di s (^)» 

(ii) (zz “) a6 a converges in probability to v°° £ (Vd^T). 

Then [gA 0 Jz“) a eA W-stably converges to p°° 0 v°° . 

2. If furthermore (p a ) a converges in probability, then (p a 0 v a ) a converges in 
probability to p°° 0 jz°°. 

It is not very much less general to assume in Theorem 3.3.1 that S and T are 
separable: Recall that it is not known whether there exist nonseparable hereditarily 
Lindelof regular spaces (see Remark 1.1.3). 

Proof of Theorem 3.3.1. 

1. From Part E of the Portmanteau Theorem 2.1.3, the first part of Theorem 
3.3.1 only needs to be proved in the case when S and T are metrizable spaces 
(assuming that SxT contains a subspace with non-measurable cardinal). Let dg 
and dj be distances which are compatible with the respective topologies of S and 
T. For all ( s,t ), ( s',t ') € S x T, set 

d((s, t ), (s', t’)) = max {dg(s, s'), d T {t, t')} . 

Let A £ S and let / : S x T — > [0, 1] be an element of BLi(S x T, d). For each 
a £ A U {oo}, each u> £ 0 and each t £ T, let 

g a (uj,t)= 1a M [ f(s, t) dfj,“(s). 

J s 



Then g a £ BL 1 (fl, T, dr), thus, from (1 ii) and Theorem 3.2.1, 



lim sup 

a /3eA 



J gP d(u a — v°°) 



= 0 . 
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In particular, we have 

(3.3.1) 

lim f l A (w)f(s,t)dfj.Z{s)d(i/° - v™)(t)dP(u) = lim [ g a d{v a ~ v°°) = 0. 

a J a J 

Set h(u>, s ) = 1a (w) f f(s, t) dv^(t) for all (u>, s ) G fix S. Then h is in BL 1 (f2, S, d§), 
thus, from (1 i) and Proposition 2.1.10, we also have 

J hdn 00 

(3.3.2) = J t A (u>)f(s,t) d (fj,°° ® v°°) (u, s, t). 
Using (3.3.1) and (3.3.2), we immediately get 



lim [ t A (w)f(s,t) d/j,™(s) dv™(t) dP(uj) = lim [ hdfj,° 

a J a J 



lim J l A (cj)f(s,t) d/j, a fg) v a (uj, s,t) 

= !im J l A (u>)f(s,t)dijZ(s)d(vZ - C)W rfp M 

+ !im j t A (uj)f(s,t)d^(s)dv^(t)dP(uj) 

= J l A (uj)f(s,t)d(n°° ® u°°)(uj,s,t), 

which proves that (/z“ ® v a ) a eA W-stably converges to g°° (g> v°° . 

2. Assume now that (/x“) a converges in probability to /z°°. To prove the second 
part of Theorem 3.3.1, using Theorem 3.2.1, we can again assume without loss of 
generality that S and T are metrizable spaces such that S x T contains a subspace 
with non-measurable cardinal. Let / € BL 1 (U,S x T,d), where the distance d on 
§ x T is defined in the same way as in the the proof of Part 1 . Set 

g a (u,t)= [ f(u,s,t)dnZ(s) 

Js 

for all a G A U {oo}, uj G ft and t G T. We have g a G BL 1 (f^, T, dj), thus, for any 
cn G A, 

(3.3.3) |(i/“-i/°°)( 5 “)| < A't’f/,^). 

Set h(u>,s) = J f(u>,s,t)diy™(t) for all (cu, s) G ft x S. We have h G BL 1 (f2,S,d§) 
and 



IK-K)WI<a^V“,m°°)- 



(3.3.4) 
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But we have (/z“ ® v a — ^°° ® v°°) (/) = (zz“ — v°°) ( g a ) + (fx a — ^°°) (h). From 
(3.3.3) and (3.3.4), we thus obtain 

\(^ a ® ® ^°°) (/)| < IK- O ( 5 “)| + |(m q - O Wl 

<a^V,o+a^V,m°°)- 

This is valid for any / G BL 1 (fl, § x T, d), thus we have 

4 <£(M a ® M°° ® O < A<*V, i/°°) + Ag* } (ju a , ju°°)- 



□ 



Remark 3.3.2 The hypothesis that S x T be hereditarily Lindelof regular is used 
for two reasons: firstly, to ensure that the fiber products /i“ ® v a are Young mea- 
sures, secondly, to use Part E of the Portmanteau Theorem 2.1.3, which reduces 
the proof of W-stable convergence in S x T to the proof of W-stable convergence 
w.r.t. each product semidistance. 

It is possible to replace this hypothesis by assuming that S and T are metrizable 
spaces and that there exist separable subspaces So of S and T 0 of T such that 
H°°(Ll x So) = v°°{LL x Tq) = 1. The reasoning is the same and we skip it. 



Counterexample 3.3.3 ([Val94] ) The convergence in probability in the hypoth- 
esis (In) of Theorem 3.3.1 cannot be weakened to W-stable convergence. For ex- 
ample, let /r n = 5 X and v n = S Xn be degenerate Young measures associated with 
the sequence of Rademacher variables with values in {—1, 1}. Then 

^°° ® v°° = -(5_i +<>i) ® (£_i +£i) = ^(£(-i,-i) +^(-i,i) +^(i,-i) + £(i,i))> 
but (fi n ® v n ) n converges to ^(5^_ 1 -l) +£(i,i))- 



Counterexample 3.3.4 The hypothesis (It) and the conclusion of Part 1 of The- 
orem 3.3.1 cannot be weakened into IA ^-stable convergence for any sub-cr-algebra 
U of S . Consequences of this phenomenon will appear in Chapter 9, see Remark 
9.4.9. 



For example, assume that (If) and (lii) hold for the U ^-stable convergence, 
with U = {0,0}. Assume furthermore that O = T = [0,1] and that, for each 
u> G [0, 1], we have 






OO 

CO 



5 0 ®> 6 0 if u) < 1/2, 
0 <5i if to > 1/2. 



Take for P the Lebesgue measure on [0, 1] and let ji' be defined by 






/ 

UJ 



(5i if uj < 1/2, 
<5o if u! > 1/2. 
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We have n '(0 x .) = x .), thus the net {p “) Q W-stably converges to n' (the 

limit in W-stable convergence is not unique). But p! (g ^ (g ^°°(r 2 x .) 

and thus (p a (g ^“)aeA does not W-stably converge to p°° (g i/°°. Indeed, let 
/ : [0, 1] x [0, 1] — > [0, 1] be a continuous function such that /(0,0) = /( 1, 1) = 0 
and /( 1 , 0 ) = /( 0 , 1 ) = 1 . We have 

M°° ® J' 00 ( In <g /) = J f(s, t) dp ~ (s) di® 0 (t) d P(w) 

= |/( 0 , 0 ) + |/( 1 , 1 ) = 0 , 

whereas 

// ® ^°°( In ® /) = |/(1, 0) + |/(0, 1) = 1. 

Typical applications of Theorem 3 . 3.1 make use of the following corollary. In 
view of these applications, this corollary is given for nets of functions, but it can 
be extended without further difficulties to nets of Young measures. The first 
apparitions of similar results seem to be [Mog66], [Fis 70 , Theoreme 5 ] and [Fis 71 ] 
([Mog66] only considered a special case of stable convergence, called Renyi-mixing, 
see the definition in Chapter 9 ). 

Corollary 3.3.5 Let Si and S2 be topological spaces such that Si x S2 is hered- 
itarily Lindelof regular (e.g. Si and S2 are regular cosmic spaces). Let d> be a 
continuous mapping from Si x S2 to the topological space T. Let (W*)aeA be 
a net in £(Si) and (Y a )ae A be a net in £(82) (with same index set). For ev- 
ery a G A, let Z a = $(X a ,Y a ). Let $ : fl x Si x S2 — > LI x T be defined by 

$(w, si,S2) = {u>, $(si, 52))- Assume that 

(i) &JaeA W-stably converges to p°° G 3 ^ is (Si), 

(ii) (Y a ) ae a converges in probability to Y, x G 3 ^ (§2)- 

Let A 00 = d>u ( h°° ® Jy^). Then (Sz a )aeA W-stably converges to A°°. 

The proof of Corollary 3 . 3.5 is obvious in view of Theorem 3 . 3.1 and the following 
very easy lemma. 

Lemma 3.3.6 Let S and T be topological spaces. Let $ : S — ■> T be continuous. 
Let (p.“) c , e A be a net in J ;1 (S) which W-stably converges to p°° G J ;1 (S)- Let 

$ : (ca, s) 1— > (ui, <f>(s)) and, for each p G let fi = ($)j(/x). Then (p a ) ae A 

W-stably converges to J. t 00 in J ;1 (T). 

Proof. Let Ag 5 and let <7 : T — > [ 0 , 1 ] be bounded continuous. We have 

P°° ( 1.4 ® 9) =M°°((l4®ff) 0 $) =^°°(1 a® (s°$)) 

= lim p a ( 1 4 <g (g o $)) = lim p a (( 1.4 <g g) ° J?) 

a v 7 ot v 7 

= limp a ( t A 0 g). □ 

rv ' 1 
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3.4 Parametrized Levy— Wasserstein distances and 
Lg spaces 

We define and study new semidistances on the space of integrable Young measures, 
in the same spirit as in the definition of the parametrized Dudley semidistances, 
that is, uniform convergence on an appropriate set of integrands. The difference 
between the topology constructed in this way and the topology r ™ D defined in 
Section 2.4 is similar to that between r pro b (d^is) an d T y 1 - 

Assume that T is regular and let I? be a set of continuous semidistances on T. 
Let G y 1 . Recall that p is integrable relatively to V if, for all d G V and for 
some (equivalently, for all) to G T, we have n(d(to , .)) < +oo. We denote by 3^ v 
the space of integrable (relatively to V) disintegrable Young measures. 

Let d &V. Recall that Lip 1 (d) is the set of d-Lipschitz functions on T, with 
Lipschitz modulus not greater than 1. Let Lip 1 (d) be the set of integrands / such 
that f(u>, .) G Lip 1 (d) for each u G and such that /(.,f 0 ) is integrable for some 
(or any) t 0 G T. We define the semidistance on 3 ^ v by 

Alw(/L v ) = SU P (M/) ~ v if)) ■ 

/GLiPi(d) 

If d is a distance, then is a distance on 3^ v 

We denote by Typ the topology on 3^ x> defined by the semidistances 
d G V. As BL 1 (fl,T,d) C Lip (d) for every d G V, the topology Tyo is finer 

than the topology induced on 3 7 di’s v by the topology of convergence in probability 
Tprob (3dis) • 

Now, let to be some arbitrarily fixed element of T and let Lip i (d) be the set 
of elements / of Lip (d) such that /(w, t 0 ) = 0 for every ui G ft. If / G Lip (d), 

then the integrand / defined by = f(ui,t) — f(co,to) is in Lip 1 (d), and 

/i(/) — v(f) = n(f) — for all /i, v G 3dl s d> because /i and v have the same 
margin on 0. Thus we have also 

(3.4.i) 4 lw(/^, i/ ) = s yp W)-v(f))- 

/£ Lip i (d) 



Similarly, let BL 1 (f2,T, d) be the set of elements / of BL 1 (f2,T, d) such that 
f(ca,to) = 0 for every u G ft. We have, for any //,, v G y 1 , 

(3.4.2) 4 jsup W) - v(f)) ■ 

/SBL 1 (n,T,d) 

For each / G Lip 1 (dA 1), we have |/(w, t) \ = |/(w, t) — f{u, to) | < 1 for all (w, t) G 
0 x T, thus / G T, d). But, for each / G BL 1 (f2,T, d), we have, for all 
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(w,ti,£ 2 ) £ 11 x T x T, — /(w,< 2 )| < 2, thus / € Lip i (d A 2). We thus 

have the inclusions 

Lip 1 (c? A 1) C BL^fi, T, d) C 2Lip 1 (d A 1), 
which imply, using (3.4.1) and (3.4.2), 

(3.4.3) A^ 1} < A^<2A^ 1} . 

Thus the topology r pro b (^dis) 011 d 71 is induced by the semidistances A^^ , d £V. 

Kantorovich— Rubinstein Theorem For any pi,v £ A4 +,1 (T), let D(gi,v) be 
the set of probability laws tt on T x T with margins p and v. The set D(p, v) is 
closed for the narrow topology on A4 +,1 (T x T). From a general result of Kawabe 
[Kaw94], if T is regular and if p and v are r-regular, D(p, v) is compact (if /i and 
v are tight, this is obvious because then D{p, v) is tight). In particular, if T is a 
regular hereditarily Lindelof space, D(p, v) is compact for all p, v £ A4 +,1 (T). 

Recall the Kantorovich-Rubinstein Theorem (see e.g. [Dud02, Rac91, RR98]): 

If T is a separable metric space, if d is a distance which is compatible with tj, 
and if / d(to , .) dp < +oo and / d(to, ■) dv < +oo, we have 

sup (m(/) ~ K/)) = inf / d(t,t')dn(t,t')- 

/eLi Pl (d) neD(n,v) JTxT 

Furthermore, as T is regular hereditarily Lindelof, an easy compactness argument 
shows that the infimum in the right hand side is attained. 

For any /x, zx £ y 1 , let Dfp, v) be the set of probability laws n on fi x T x T 
such that 7r(. x . x T) — p and tt{. x T x .) = v. Set 

Akr(m,*x) = inf [ d(t,t')dTr(w,t,t'). 

tt JqxTxT 

Theorem 3.4.1 (Parametrized Kantorovich Rubinstein Theorem) Assume 
that T is Suslin regular. Let d be a continuous semidistance on T. For any 

v £ ^dis.dJ we have 

Alw(Mi^) = Akr(M,I')- 

Furthermore, the infimum in the definition of A^^fp, v) is attained, that is, there 
exists tt £ Dfp,v) such that A^^(p,u) = f Q T xT d(t, t')diT(u,t, t'). 

Let us first prove the following lemma, which is interesting in itself. 

Lemma 3.4.2 Let d be a continuous distance on T. Assume that (T, d) is sepa- 
rable. Let B* be the universal completion of the a-algebra Bjw+.ifTixAi+xm- For 
any pi, v £ A4 +,1 (T), let 



r (M, v ) 



inf 

7T 



d(t,t') dn(t,t') £ [0, Too] . 
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The function r is B* -measurable. Furthermore, the multifunction 

I M+’^T) x -» JC (A^ +,1 (T x T)) 

V ' 1 (/b^) ^ {tt G f d(t,t') dn(t,t') = r(n,v)} 

has a B* -measurable selection. 

Proof. First, we can assume w.l.g. that T is Polish. Indeed, let § be the d- 
completion of T. For each /i G _Ad +,1 (T) (resp. ^ € Af +,1 (T x T)), let us denote 
by p the law on § (resp. S x S) defined by p(B) = ^(B fl T) for all B G £>§ (resp. 
p(B) = /i(Bn (T x T)) for all B G B§ x g). From Lemma 1.3.1, the mapping /i i— > ji 
is an homeomorphism from Ai + ’ 1 (T) to the space M . £ ,:L (S) of laws \x on S satifying 
/^*(T C ) = 0 (resp. from _M +,1 (T x T) to ^^^(S x S) satifying /z*((T x T) c ) = 0). 
For all (n,u) G Af +,1 (T), let 

D{n,u) = {tt; tt G D(/x, v)} . 

One easily checks that we have, with obvious notations, 

D(n,v) = D{p,v). 

Furthermore, from Lemma 1.3.1, we have, again with obvious notations, 
r{n,v) = inf / d(t, t') dirft, t') = inf / d(t, t') djt{t, t') = r(p, 9). 

J txT TieD(p,v) JsxS 

Using again Lemma 1.3.1, this yields 

K{fi, v) = < 7r G D(n, u); / d(t, t') dir(t, t') = r(p, v) 1 

l J SxS J 

= F-'K(/2, V), 

where is the homeomorphism 7r i— > 7? from Af +,1 (T x T) to x S). 

So, we assume from now on that T is Polish. We have D = $ _1 , where $ is 
the continuous mapping 

_ [ M+’HTxT) -► M+d(T) x M+’UT) 

® : (a » (A(.xT),A(Tx.)). 

Therefore, the graph gph ( D ) of D is a closed subset of the Polish space (A1 +,1 (T) 
x _Ad +,1 (T)) x Af +,1 (T x T). 

Now, the mapping 

r M+’HTxT) -► [0,+oo] 

^ ■ \ TT !-»■ Jtxt d{t, t') dn(t, t') 



is l.s.c. because it is the supremum of the continuous mappings 7r e- > n(dAn), n G N 
(if d is bounded, if is continuous). From the Projection Theorem, as T is Suslin and 
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as gph ( D ) is in the Borel cr-algebra of the Polish space (A4 +,1 (T) x _A4 +,1 (T)) x 
Af +-1 (T x T), the mapping 

r : (/x, v) i— > inf 7 r € D(/Li, v)} 

is Z?*-measurable: Indeed, we have 

VaeR {(/i, v)\ r(/u, v) < a} 

= 7r Ai+’ 1 (T)xAi+’ 1 (T) {((/h v), tt) e gph (D) ; V’W < a} • 

For each (/lx, xx) g _A4 +,1 (T) x A4 +,1 (T), we have 

K(n, v) = {tt G D(n, i/); -^(tt) = r(/Li, i/)} . 

The multifunction K has nonempty compact values because D has nonempty 
compact values and ip is l.s.c. Let 

f (M+’ 1 (T)xM+’ 1 (T))xjW+’ 1 (TxT) -> R. 

' \ ((h,u),tt) i-i ip(n)-r((i,,v). 

The mapping F is B* <S> S^+,i(TxT)~ measura t>le. Furthermore, the graph of K is 

gph ( K ) = {((/Li, v), 7r); n — tt(- x T), v = tt(T x .), v), n) = 0} 

= gph (D) n F _1 (0) 

G B* <S> S_a4+, i (txt)- 

As (T, d) is Suslin, this proves that K is Z?*-LV-measurable (see Remark 1.2.1). 
Thus K has a Z?* -measurable selection. — | 

Proof of Theorem 3.4.1. First, we can reduce the proof to the case when d 
is a distance. Indeed, let (T, d) be the quotient metric space and 7r the canonical 
projection T — > T. The space Lip 1 (d) can be identified in an obvious way with 
Lip 1 (T, d) because, for any / G Lip 1 (d), if d(t,t ') = 0, \f(t) — = 0. We shall 

denote by f the corresponding element of Lip 1 (T, d). Furthermore, the mapping 
A i— > 7 Tjj (A) , A4 +,1 (T,tt) — * A4 +,1 (T, d) is surjective because T and T are Suslin 
[Sch73, Theorem 12 page 126]. Let 7r be the mapping (u>,t) i— > (w,7r(f)). We have 

Alw(/L v ) = SU P . - v)(f) 

/eLip ] (d) 



Akr (/i, v) = inf [ d(t, t') diriu), t, t'). 

*e£(z i # (m),2E # M)7oxTxT 



and 
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We assume now that (T, d) is a (Suslin) metric space. The proof will be done 
in three steps. 

Step 1 

From Lemma 3.4.2, and with the same notations, the mapping 

G: wh inf / d(t, t') dTr(t, t') = r{pb ul , vJ) 

J Tx T 

is <S*-measurable (indeed, the mapping to i— > (fi w , u w ) is measurable for S* and B* 
because it is measurable for S and / 8 j vi+,i(t)xA 4 +. 1 (t))- Since pi, v G (F di ’ s d , we have 

G(w) < +oo almost everywhere. Let us prove that A^(/z, v) = f Q G(uj)d P(w). 
First, as T is Radon, tt is disintegrable, and we have, for any tt G D(g, t/ )> 

[ ( [ d(t, t') d-K u {t,t') ] dP(w) > f G(ui) dP(u>), 

Jn \J t / Jn 

thus v) > f n G(u)d P(w). But, from Lemma 3.4.2, the multifunction 

u> e- > D{pLu, Vui) has a B* -measurable selection such that, for every well, 

G(w) = / TxT d(t , t') d\ u (t, t'). We thus have A kr(m, z') < / nxTxT d(t , f') dA(w, t, t') 
= fn G (v)dP(u>). 

Step 2 This is the shortest and main step. Let flo be the almost sure set on 
which G(u) < +oo. From the usual Kantoroviclr-Rubinstein Theorem, we have, 
for every u € ST 0 , 

(3.4.4) G(w) = sup {pu>(g) - v u (g)) = sup O+Xff) - z+(ff)) • 

geLip 1 (d) peLip 1 (d), g(t 0 )= 0 

Step 3 To conclude the proof, we only need to prove the equality Aj^ r (/i, v) = 
f n G(u>) d P(w). For every / G Lip 1 (d), we have / f d(pt — v) < f Gd P by (3.4.4), 

thus A L^(/U, v) < f n Gd P . Now, let e > 0. Let g and v be the finite measures on 
T defined by 

g(B) = / d(t 0 ,t) dg(u>,t) and 1 7(B) = / d(t 0 , t) dv(cu, t) 

JflxB JqxB 

for any B G Bj. Let T 0 be a totally bounded subset of T containing t 0 such that 
/x(Tq) < £ and z/(Tg) < e. For any / G Lip i (d), we have 

[ - v u )(f(u,.))dP(uj) - [ (pL w -p u )(f(u,.)l To )dP{w) 

Jn Jn 

= / (|U u -^)(/(w,.)l T j)rfP(w) <2e. 

Jn 



(3.4.5) 
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Set, for all to £ fig, 



G'(w) = sup {Hu - T 0 )- 

geLip^d), g(t 0 )=0 



We thus have 



(3.4.6) 



Gd P- 



G'dP 



< 2e. 



From a theorem of Kirszbraun and McShane, each Lipschitz function on To can 
be extended into a Lipschitz function on T with the same Lipschitz modulus (see 
[Dud76, Theorem 7.3] or [Dud02, Theorem 6.1.1]). Thus we have, for any in £ fl o, 



G'(m) = sup (n u - v u )\ {g). 

seLiPi(To,d), fl(*o)=0 



Let ( g n ) n be a sequence which is dense for H.]^ in C/, (T 0 )n{g € Lip 1 (T 0 , d); g(t o) 
= 0}. We have G' (in) — sup„(/x w — i/ w )^ (dn)- Extend each g n into a function 

g n £ Lip 1 (T, d) and set, for all (in,t) £ O 0 x T, 

N(u) = inf jn; (fj, u - (g n ) > G’(in) - erj and f(in,t) = g N ^)(t). 

We then have, using (3.4.5) and (3.4.6), 

AlwO^)^ f fd(n-v)> [ fd(n-v)-2e 

> f G'dP-3e> f GdP —5e. 



□ 

Let us formulate Theorem 3.4.1 in the particular case of degenerate Young 
measures. 

Corollary 3.4.3 Assume that T is Suslin regular. Let d be a continuous semidis- 
tance on T. For any X, Y £ d y we have 

A ^(X,Y):= sup f f(m,X(m))-f(in,Y(in))dP(in) = [ d(X,Y)dP. 
fe Li P] (d) Jn Jn 

In particular, if T> is an upwards filtering set of continuous semidistances which 
defines the topology of T, Corollary 3.4.3 and Theorem 2.4.3 imply that the topolo- 
gies Ti t T> et t™ p coincide on 
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A Vitali Theorem Let us now go back to the relations between convergence in 
^di’s-D f° r semidistances ( d € V) and convergence in probability. 

Theorem 3.4.4 (Vitali Convergence Theorem for random laws) Assume 
that T is completely regular. Let V he an upwards filtering set of continuous 
semidistances which defines the topology of T. Let (/z “) a6 a be a net in d^is v and 
let p°° € d^dis-p- The following assertions are equivalent: 

(a) (p a ) aGA converges to p°° in d^is.-D 

( b ) p a — — — > /j,°° and (/r “) ae a is asymptotically uniformly integrable relatively 
to V. 

Proof. 

(a)=>(&). We already know that convergence in d^jis-D implies convergence in 
probability. Furthermore, for any to G T, the mapping e- > d(to,t) is in 

Lip (d). Let e > 0. Let a > 0 such that 

/ d(to,t) dn°°(u>,t) < e. 

J fix {d(tQ,.)>a} 

We can furthermore choose a such that 

/i°° {(uj,t); d(t 0 ,t) = a} = 0. 

We then have, by narrow convergence of {p a (0 x ,)) a to p°°(fl x .), 
lim ji a {(w,f); d(t 0 ,t) > a} = {(w,t); d(t 0 ,t) > a} . 



/Ox {d(to ,.)>a} 



Now, we have 

d(to, t) l{d(f 0 ,.)>a} (^) d(to, t'j d(to, t) A a + a l{d(to ,.)>a} (^) ■ 
and the mapping ( u>,t ) i— > d(to,t) A a is also in Lip^d). We thus have 

d(to, t) dp a (u:, t) = / d(to,t)dp a — / d(to,t) A adp a 

J QxT J OxT 

+ ap a {(w,f); d(t 0 ,t) > «} 

— » / d(to, t) dp°° — / d(to,t) A adp° 

Js 2xT 2xT 

+ ap°° {(w, t ); d(t 0 , t) > a} 

= f d(t 0 ,t)dp°°(u>,t) 

J fix {d(to ,.)>a} 

< e, 
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thus (/z“) q, 6 a is asymptotically uniformly integrable. 

(b)=>(a). Let d £V. Let e > 0 and to £ T. Let a > 0 such that 

lirnsup / d(to, t) dfi a (u>, t) < e 

a Jnx{d(t 0 ,.)>a} 

and 



/ d(t 0 , t) dii°°(u), t) < e. 

J fix {d(to ,.)>o} 

Set B = {t £ T; d(to,t) < a}. For any / £ Lip, let fl a be the bounded Lipschitz 
integrand (/ A a) V —a. We have, using (3.4.1), and for a large enough, 

A <&(/*“, A*°°) = sup |m“(/)-M°°(/)| 



/gLi Pl (d) 

< sup 
/£Lip l (d) 



//*(/'“) -M°°(/ |a ) 



/-/ 



JfixT 

< sup 

/gLip, (d) 



d/x° 



JfixT 

M“(/ Ia )-M°°(/ Ia ) 



f-f 



|a 



dn° 



/ d(t 0 ,t) d/.L a (uj,t) + / d(to,t)dii°°(u),t) 

' fl xB c JflxB c 



< sup 

/gpp, (<fl 



//*(/'“) -M°°(/ |a ) 



+ 2e. 



The conclusion follows from the fact that, from Theorem 3.2.1, we have 



lim sup 

/£Lip l (d) 



d a (f la )-T°°(f la ) 



= 0. 



□ 



Remark 3.4.5 Assume that T is hereditarily Lindelof and regular. Let V be a 
family of semidistances which defines the topology of T. Recall that r™ D is the 
topology on Adi’sx> defined by the semidistances |/u(/) — r^(/)|, y S Lip (d), d £ V 
(see Proposition 2.4.1). We have the following continuous inclusions, represented 
by arrows: 

(^di’s.xn Tl >®) * (^dis ,T P r °t> (^dis)) 

i I 

(^dis,X>> T PX>) > (^dis’ r yi) ’ 




82 



CHAPTER 3. CONVERGENCE IN PROBABILITY 



The lower horizontal arrow comes from Proposition 2.4.1 and the vertical arrow on 
the right hand side comes from Theorem 3.1.2. If the elements of T> are bounded, 
the horizontal arrows represent equalities of topological spaces. 




Chapter 4 

Compactness 



In this chapter, we focus on compactness for the S-stable topology because the Ty X - 
compact subsets of y 1 can be characterized in a rather simple way (see Theorem 
4.3.5) and because they are also compact for all coarser Hausdorff topologies on 
y [ . In some cases (see Corollary 4.3.7) all stable topologies appear to have the 
same compact subsets. 



4.1 Preliminary remarks and definitions 

Recall that a subset J? of a topological space T is net-compact if every net of ele- 
ments of H admits a subnet which converges in T, or equivalently, if every universal 
net of elements of is convergent in T (see [Kel55] about subnets and universal 
nets). We say that J? is relatively compact if it is contained in a compact subset 
of T. Thus every relatively compact subset of T is net-compact. The converse 
implication is true if T is regular (see the proof in [PV95] or [OW98]). We say 
that H is sequentially relatively compact if every sequence of elements of H admits a 
convergent subsequence. If, furthermore, the limit of the convergent subsequence 
always lies in H, we say that & is sequentially compact (this terminology is not 
entirely consistent, because, if J? is sequentially relatively compact, its closure is 
not necessarily sequentially compact). In the case when T is metrizable, it is well- 
known that H is sequentially compact if and only if it is compact. Similarly, if 
T is metrizable, J? is sequentially relatively compact if and only if it is relatively 
compact. Indeed, if is sequentially relatively compact, let (t n ) n be a sequence 
in the closure £ of I?. For each n, let s n £ M such that d(t n ,s n ) < 1/n (where 
d is a distance that metrizes T). Then the convergence of any subsequence of 
( t n ) n is equivalent to the convergence (to the same limit) of the subsequence of 
(s n )n which has the same indexes. Thus every subsequence of (t n ) n has a further 
subsequence which converges in £. 

Let T be a set and let r and r 0 be two Hausdorff topologies on T such that 
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Tq C t. Let A be a r-relatively compact subset of T. Then r and Tq coincide on 
A. Indeed, the r-closure £ of H is r-compact, thus r and tq coincide on £. 

When we need to prove sequential compactness of compact subsets of y 1 , 
the following lemma can be used to dodge the assumption that S be essentially 
countably generated. 

Lemma 4.1.1 (Sequential relative compactness deduced from relative 
compactness) Let A be a Ty i-relatively compact subset ofy 1 . Assume that there 
exists a separable metrizable topology tq on T which is coarser than the original 
topology tt of T, and such that rt and tq have the same Borel sets. Then is 
sequentially relatively compact. 

Proof. Let £ be the r-yi -closure of A in y 1 . Then the topologies r-yi^ and Ty 
coincide on £. So, we can assume without loss of generality that T is metrizable 
and separable. 

Let S be a Polish space containing T. Then we have 

S <g> Bt = {B n (Q x T); B G S <g> £§}. 

With each measure p G J ;1 (T), we can associate the measure p G 3 ;1 (S) defined 
by p{B) = p(B n (Cl x T)) for any B € S £g) Sg, and we have p{A) = p* ( A ) for any 
Bt, which proves that the mapping <f> : p p is a bijection from J^ 1 (T) 
to the subspace of elements v of 3^ 1 (S) which satisfy v*(Pl x T) = 1. Using e.g. 
Condition 6 of the Portmanteau Theorem 2.1.3, we see that $ is continuous, thus 
the restriction of on € is a homeomorphism from £ to the compact subset $(£) 
of y 1 (§)- So, we only need to show that $(£) is sequentially compact, that is, we 
can assume that T is Polish. 

We can associate with each p G y 1 (T) a disintegration u> i— > p u , because T 
is Polish. It is well-known that the space A4 +,1 (T) is metrizable separable (see 
e.g. [Par67, Theorem 6.2]). Thus the Borel cr-algebra generated by each mapping 
u i— > p u is countably generated. Let (p n ) ne n be a sequence of elements of A. 
Let So be the er -algebra generated by the mappings u i— > p™. Let Q be the 
restriction of P on So- Let 7 r be the canonical projection (that is, the restriction) 
of J ;1 (^,5,P;T) onto J ;1 (^, <S 0 , Q; T). The mapping 7r is obviously continuous, 
thus tt(A) is compact. From Proposition 2.3.1, the space 3^(11, So, Q) (endowed 
with Ty! = Tyi ) , is metrizable, thus 7r(J^) is sequentially compact. There exists a 

Young measure p G 3 ;1 (^, So, Q; T) and a subsequence (A") raS N of (p n ) n eN suc h 
that (7r(A”))„ e N converges to p. 

Let A G S and let / be a bounded continuous function on T. We denote by 
E p° the conditional expectation w.r.t. So and P. We have 

j l A ®fd\ n = J t A (w)\2(f)dP(u) = J Ep(l A )(u)\2(f)dQ(u;) 

->• J Ep > (l A )(u)pu,(f)dQ{w) = J l A (uj)p u (f)dP(uj) 
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In view of Condition 13 in the Portmanteau Theorem 2.1.3, this shows that (A n ) raS N 
converges to the Young measure 

x . I B - [ 0 , 1 ] 

/ p u (B(u))dP(u). 

n 

We shall prove later, in Proposition 4.5.2, a converse implication. 

In this chapter, we do not study directly compactness in spaces of p-integrable 
Young measures. However, compactness criteria can be easily obtained through 
the following proposition (as in Section 2.4, we give only the result for rYp, but 
the same method would yield similar results for other topologies r *. D ). 

Proposition 4.1.2 (Compact subsets of y. p P ) Assume that T is completely 
regular and that its topology tt is defined by a set V of semidistances. Let p > 0. 
Let 2) C y^ p ■ The following conditions are equivalent: 

(a) The set 2) is net-compact for t™ v . 

( b ) The set 2) is net-compact for r^i and uniformly p-integrable relatively to V. 

Proof. Assume (a). Then 2) is net-compact for Ty [ . Assume furthermore that 
for some d G T>, 2) is not uniformly p-integrable relatively to d. Let a G T. There 
exists £ > 0 such that, for each R > 0, we can find p R G 2} with 

(4.1.1) f d(a,t) p dp R (u>,t) > £. 

J Q,x{t(z T; d(a,.)>R } 

From net-compactness of 2) for there exists a subnet ( i~i Ra ) a of (p fl )i? which 
converges to some /i G y^ p for r * D . But from Theorem 2.4.1, this implies that 
(d^ a )a is asymptotically uniformly p-integrable, which contradicts (4.1.1). Thus 
2) is uniformly p-integrable relatively to T>. 

Conversely, if we assume ( b ), every universal net of elements of 2) is Tyi— 
convergent and uniformly p-integrable relatively to T>, thus, from Theorem 2.4.1, 
it converges for Y 

4.2 Necessary and sufficient condition when T is 
separably submetrizable: Topspe Criterion 

Under the hypothesis that T is separably submetrizable and (Ll,S, P) is complete, 
we shall now adapt to Young measures a compactness criterion of Topspe [Top70a]. 
The main results from this section are proved in [RdF03], in the more general 
setting of the space A4 + (U x T) endowed with the topology (see Remark and 
Definition 2.1.5, page 31). 
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We call paving on fi x T any nonempty set of subsets of 17 x T. We now list 
some properties of the pavings Q and JC that we shall need later. We present them 
in a similar way as in [Top70a]. 

Lemma 4.2.1 (Properties of Q_ and 1C) Assume that T is Suslin suhmetrizable 
and (Cl, S, P) is complete. 

I. 1C contains 0 and is closed under finite unions and countable intersections, 

II. Q_ contains 0 and is closed under finite unions and finite intersections (ac- 
tually, Q_ is also closed under countable unions, but we shall not need it), 

III. K \ G £ JC for all K £ 1C and for all G £ Q_, 

IV. Q separates the sets in JC, that is, for any pair K\, K 2 of disjoint elements 
of 1C, we can find a pair G 1 , G 2 of disjoint elements of Cj such that K\ C G\ and 
K 2 C G 2 ■ 

V’. The set y 1 is uniformly cr-smooth on Q_ at 0 w.r.t. K l, that is, for any 
countable family (Ki) ie j of elements of JC which filters downwards to 0, we have 

inf sup inf d(G) = 0 

i£l GDKi 

(we say that (Ki)i & i filters downwards to 0 if fljg/lt'j = 0 and if, for any i £ I 
and any j € I, there exists k £ I such that Kk C K * n Kj ). 

Remark 4.2.2 Note that we do not have Property V of [Top70a], that is, semi 
compactness of JC (a paving C is said to be semi-compact if, for any countable 
family of elements of C which has an empty intersection, there exists a finite 
subfamily which has an empty intersection). We shall see however that the weaker 
Property V’ is sufficient to yield the same conclusion as in Theorem 4 of [Top70a]. 

Proof of Lemma 4.2.1. Actually, only Properties IV and V’ need a proof. Note 
however that III holds because T is Hausdorff, which entails that K, C T (recall 
that, in a non-Hausdorff space, a compact subset need not be closed). 

We denote by d a continuous distance on T and by tq the topology (coarser 
than tt) generated by d. 

Proof of IV. Let K\ , A' 2 be disjoint elements of 1C. 

Assume first that K 1 and K 2 have nonempty values. For each u> £ Cl, Ki(w) 
and I\ 2 (w) are compact for r 0 , thus d(K\(u), K 2 (co)) > 0. Furthermore, as 
(fl,5,P) is complete, the function : to 1 — > d(I\i(oo), K 2 (to)) is iS-measurable. 
Indeed, let T be the d-completion of T. Then, for i = 1,2, the set K, is an 
element of S £g> Bj, thus, from (Hi) of Remark 1.2.1, page 7, we have 

{lo £ Cl ; Kfito) nU^<D}£S 

for any open subset U of T. But, from Theorem III. 9 in [CV77], this is equivalent 
to each of the following properties: 

• for each t £ T, the function 10 1 — > d(t, Kfico)) is 5-measurable, 
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• there exists a sequence (yJJneN °f <5 -measurable mappings 12 — ■> T such that, 
for every uj G f2, G K t {uj) and Aj(w) is the r 0 -closure of {(^(w)); n G 

N}. 

Thus </> = inf m>n6 N <p„) is 5 measurable. 

Now set, for i = 1,2, 

Gi = j(w,t) GHxT; d(t,Ki(w)) < ^ j . 

It is clear that G\ n G 2 = 0 and that, for i = 1,2, we have A%; C G,; and Gj(w) 
(* = 1,2) is rt-open for each u> G 12. Furthermore, for each n G N, the function 

9n '■ (u,t) ^ d(ip l n {uj),t) - 

is S ® Bx-measurable, thus Gj = U„ 6 n( 5 ))) _1 ([— oo, 0[) belongs to S ® Bj. 

Let us now allow each AT,: to have empty values. From the Projection The- 
orem (see page 7), as (I2,<S,P) is complete, the sets {uj G f 2; Ki(u>) 7 ^ 0} are 
5-measurable. Consider the S-nreasurable sets 

fl 0 = {uj G 12; Ki(io) = 0 and K 2 {uj) = 0}, 

111 = {uj G 12; Afi(w) = 0 and K 2 {uj) ^ 0}, 

12 2 = {uj G 12; K\(uj) ^ 0 and K 2 {uj) = 0}, 

12 3 = {uj G 12; ATi(w) ^ 0 and K 2 {uo) ^ 0}. 

The same arguments as above show the existence of two disjoint elements G{ and 
G 2 of Q_, contained in f2 3 x T, such that Ki ft (O 3 x T) C G' (i = 1,2). To prove 
Property IV, we only need to set 

! 0 if wG I2 0 i 

0 if k)G 12 

T if co € 

G'(w) if lo G I2 3 . 

Proof of V\ Let j be a countable family of elements of 1C which filters 

downwards to 0. For each w G 12, {K l {uj))i e j is a family of compact subsets of 
T which filters downwards to 0, thus there exists an element i of / such that 
Ki{u>) = 0. We can enumerate the elements of I: I = {io,*i,---}> and we can 
endow / with the ordering associated with this enumeration: i 0 < i\ < . . . . For 
each uj G 12, let us denote by a[uj) the smallest i such that Ki(uj) = 0. Using the 
Projection Theorem as in the proof of Property IV, we see that, for each i G /, 
the set 

A i = {uj G 12; a(u) = i} = ( 7 rn(Ai)) c n Q nn(Kj) 

j<i- 1 
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is measurable. Thus the family (Aj)j g / is a measurable partition of 0. For each 
integer n € N, let Q n = A io U • • • U A in . As (Ki) ie j filters downwards to 0, there 
exists an element j i of / such that Kj 1 C K io n K.^. We then have Kj 1 (co) = 0 on 
Ai 0 U A n = Q-| . By induction, we can construct a sequence (Kj n ) n > i such that 
Kj n (u>) = 0 on f l n . 

Now, we have U n6 N^n = 12. Let e > 0. Let n > 1 such that P(I2„) > 1 — e. 
Let G„ = f2£ x T. We have Kj n C G n and n(G n ) = P (12°) < £ for every p G y 1 . 
This shows that 

inf sup inf u(G) < e. 

i£.I GDKi 

As e is arbitrary, this proves Property V’. 

We can now give an adaptation of Topspe’s compactness criterion ([Top70a, 
Corollary 2], see also [Top74, OW98]). If C and £ are two pavings on 12 x T, we 
say that £ dominates C if each element of C is contained in some element of £ . 

Theorem 4.2.3 (Topspe Criterion) Assume that T is Suslin submetrizable and 
(12, S, P) is complete. Let A be a subset of y 1 . Then A is r-yi -net-compact if and 
only if for any subfamily Qf of Q_ which dominates 1C and for each £ > 0, there 
exists a finite subfamily Q " of Qf such that, for every p £ A, we can find G £ Q_" 
such that p{G c ) < e. 

Proof. It is a simple adaptation of the proof of Topspe’s Theorem 4 and Corollary 
2 in [Top70a]. We only need to show that Property V in [Top70a] (see remark 
4.2.2) can be replaced by our Property V’. We use here the definitions of [Top70a]. 

The “only if” part of the proof is exactly as in [Top70a], and does not rely on 
Properties I to V. For the “if” part, Property V is used in [Top70a] (in the proof of 
Theorem 4) in the following way. Let (p. a ) a eA be a universal net in A. We define 
a set function v : Q — > [0, 1] by 

(4.2.1) VGe£ v{G) = lim/T*(G). 

ol 

The mapping v is monotone (that is, G C G' =>■ v{G) < v{G')), additive (that is, 
G fl G' = 0 => v(G U G') = v{G) + v(G')) and subadditive (that is, v[G U G') < 
v{G) + v{G')). Then Property V is only used (through Theorem 2 of [Top70a]) to 
ensure that the formula 

(4.2.2) MB € B p.(B) = sup inf v{G) 

KcB, KeK. GDK 



defines a measure p £ A4 + (fl x T). But, from [Top70a, Theorem 2], this result also 
holds true if v is u-smooth at 0 w.r.t. K , and this last property is an immediate 
consequence of V’. ~] 
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Remark 4.2.4 (Extension to Ni + (Cl x T)) We can extend Theorem 4.2.3 to 
the set M + (C l x T) and the topology (see Remark and Definition 2.1.5, page 
31) by adding the condition that (7rn)jj(^) must be net-compact in the strong 
topology t s on _A4 + (fl), that is, the coarsest topology such that, for each 
the mapping p i— > p(A), A4 + (U) — > K, is continuous. 

Indeed, if a net (p a ) a& a of elements of A4 + (0 x T) converges for rj^ to some 
limit p, then its projection ((7ra)|j(/U a )) ae A on _A4 + (fl) converges to (7rn)j(/x) for 
t s , thus, if A C M + (Cl x T) is net-compact for rj^, (ttq)^!?) is net-compact for 
t s - 

Conversely, assume that (7rn)jj(Jt) is net-compact for r s and that A satisfies the 
condition given in Theorem 4.2.3. Let (p a ) ae a be an universal net in A. Define 
the monotone additive and subadditive mapping v as above, using formula (4.2.1). 
Let (. Ki)i e i be a countable family of elements of 1C which filters downwards to 0. 
Define the sets fl n and the subsequence (K 3 „ ) n as in the proof of Part V’ of Lemma 

4.2.1. The net ^(7rn)jj p a J converges for t s to a measure A € A4 + (T). We have 

inf inf i/(G) = inf inf limu“(G) 

iel Gea.GDifi iGl GGQ.GDKi ae A 

< inf inf lirn u a (G) 

n6N Geg, GDK jn aeA 

< inf lim p a (G n ) 

o:GA 

- inf A(fi‘) = 0, 

raeN 

thus v is (j-smooth at 0 w.r.t. 1C. Using Properties I to IV of Lemma 4.2.1, we 
deduce from [Top70a, Theorem 2] that (4.2.2) defines a measure on (Cl x T, B) 
which satisfies p < v. We then prove that (/x“) a£ A converges to p as in the proof 
of [Top70a, Theorem 4]. 

Note that, if furthermore (7rn)jj(^) is relatively compact for t s , then a slight 
modification of the proof of Lemma 4.2.1 shows that Property V’ still holds true 
on A, that is, for any countable family (A"j)j g / of elements of 1C which filters 
downwards to 0, we have 



inf sup inf p(G ) = 0. 

GDKi 



Indeed, with the notations of the proof of Lemma 4.2.1, we have, by Dini Theo- 
rem, linin^oo sup^g^ p(^n x T) = 0, because the mappings p i— > p(Cl^ x T) are 
continuous for r s . We can then deduce the net-compactness of H as in Theorem 
4.2.3. 

The extension of Theorem 4.2.3 obtained in this way includes the compactness 
criteria of Schal [Sch75, Theorem 3.10], Jacod and Memin [JM81b] and Balder 
[BalOl] for tJ^, see [RdF03]. 
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4.3 Flexible tightness and strict tightness: 
Prohorov Criterion 

Tightness and Prohorov spaces Recall that a subset A of At +,1 (T) is said 
to be (uniformly) tight if, for each e > 0, there exists a compact subset K of T 
such that sup p{K c ) < £• Every tight subset of _A4) f ’ 1 (T) is relatively com- 
pact ([Top70a, Top70b], Theorem 9.1). In the case where each compact subset of 
m + r 1 (T) is tight, T is said to be a Prohorov space. J. Hoffmann- Jprgensen [HJ72] 
has shown that every Cech complete space (that is, every space which is a G$ sub- 
set of some compact space) is Prohorov (in particular every completely nretrizable 
space and every locally compact space are Prohorov), and furthermore that every 
locally convex topological space which is the inductive limit of a sequence of closed 
Prohorov linear subspaces is Prohorov. The most general sufficient conditions for 
a Hausdorff space to be Prohorov are given in [Bou96, Bou98, Bou02]. Other 
references on Prohorov spaces are the surveys [Top74], [Whe83] and [Bog98b, Sec- 
tion 8.3]. The result of Malgorzata Wojcicka [Woj87] is particularly interesting 
in our context and we shall use it later: If T is completely regular and Prohorov, 
the space A1 + ’ 1 (T) is also Prohorov. If T is a completely regular Cech complete 
space, then /C(T) is also completely regular Cech complete (see [Eng89, page 285]), 
thus /C(T) is Prohorov. If E is an infinite dimensional Banach space and E* its 
topological dual, the weak topology cr(E,E*) and the weak* topology <r(E*,E) are 
never Prohorov [Fer94], 



Flexible tightness and strict tightness Let A C y 1 . 

• We say that A is flexibly tight if, for each e > 0, there exists K G 1C such 
that 

sup p(K c ) < e. 

• We say that A is strictly tight if, for each e > 0, there exists a compact subset 
K of T such that 

sup n(0 x K c ) < e. 

In other words, A is strictly tight if and only if the set (7 Tt)j H of margins on 
T of elements of A is a tight subset of Af +,1 (T). 

It is clear that, if A is strictly tight, it is flexibly tight. We shall prove later that 
the converse implication holds in some important cases. 

Let us put in a lemma a simple observation. 

Lemma 4.3.1 Assume that the compact subsets of T are metrizable. Let /a G y 1 
such that {/i} is strictly tight. Then p, G d^dis- 
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Proof. For each integer n > 1, let I\ n £ 1C such that p{C l x I\ n ) > 1 — 1/n. Let 
To = U n >i K n . We can identify p with a measure on 0 x To, and the space To is 
a countable union of Suslin spaces, thus it is Suslin, thus it is Radon. Q 

We give below some characterizations of strict tightness and flexible tightness. 
We start with strict tightness. Recall that a function / : T — > [0, +oo] is inf- 
compact if, for any M £ [0, +oo[, the set {t £ T; /(f) < M} is compact. Every 
inf-compact function is l.s.c., thus Borel. 

Theorem 4.3.2 (Equivalence theorem for strict tightness) Let 2) C y 1 . 

The following conditions are equivalent: 

(a) 21 is strictly tight. 

(b) There exists an inf-compact function h : T — > [0, + 00 ] such that 

sup p( In <g> h) < + 00 . 



Furthermore, if 2) C then these conditions are equivalent to the following 

one: 

(c) For each £ > 0, there exists a tight subset & £ of _A4 +,1 (T) such that, for any 

M e 2), 



P* {(a € Cl', p u £ > 1 — £. 



Remarks 4.3.3 

1. If the compact subsets of T are metrizable and if 2) is a strictly tight subset of 
y 1 , then, from Lemma 4.3.1, each element of 2) is disintegrable and Condition 
(c) holds true. 

2. If T is Prohorov, Condition (c) means that the set of random measures {p. ; p £ 
.h} is tight in the usual sense for random elements of a topological space. This 
condition is taken as a definition in e.g. [Jak88]. 

Proof of Theorem 4.3.2. The equivalence of (a) and (6) is well-known: see 
Exercice 10 of §5 in [Bou69]. The proof may be found in [Jaw84, Val90b, Bal95] 
(in fact a more general form is proved there, see Remark 4.3.4 below). 

(6) =>• (c). Let e > 0. Let h as in ( b ), and let M = sup p( 1q ® h). Let 

R e = £ A4 +-1 (T); v(h) < — 

From [Bou69, Exercice 10 of §5], R e is a tight subset of Af +,1 (T). For each p £ 2), 
let 

CVf = {uj £ Cl; pu A. e } . 
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We have 

P(^)< j ^(h)dP(co)<s. 

(c) => (a). Let £ > 0. There exists a tight subset A £ / 2 of A4 +,1 (T) and, for 
each /i£2),a measurable set fi^ £ € S such that P(fl Mj£ ) > 1 — e/2 and, for each 
u> G fi Mj£ , fJLu> G ft £ / 2 . Let K G K. such that v{K) > 1 — e/2 for every v G A £ / 2 . We 
then have, for every /iG 2), 

H(Q xK)> f /j, u (K)dP{uj) > (1 - e/2) 2 > 1 - e. 



□ 



Remark 4.3.4 (Equivalence theorem for flexible tightness) Let 2) C y 1 . 

The following conditions are equivalent (see [Bal84a, Jaw84, Val90b, Bal95]): 

(a) 2) is flexibly tight. 

( b ) There exists an inf-compact integrand h : fl x T — > [0, +oo] such that 

sup fi(h) < +oo. 

Tightness and relative compactness in (J^ 1 , r|,i ) Asa consequence of Topsoe 
Criterion (Theorem 4.2.3), we easily get Part A of the following theorem. This 
result was proved by Balder [Bal89a] , in the case when T is a Suslin regular space. 
The converse Part B follows easily from the definition. 

Theorem 4.3.5 (Prohorov Criterion) 

A ) (Direct Prohorov Criterion) 

1. Assume that the compact subsets of T are metrizable. Any strictly tight 
subset of y 1 is Ty i -relatively compact and Ty X -sequentially relatively 
compact. 

2. If furthermore T is Suslin submetrizable, any flexibly tight subset ofy 1 
is Ty i -relatively compact and Ty 1 -sequentially relatively compact. 

B) (Converse Prohorov Criterion) Assume that T is Prohorov and that fur- 
thermore A4 +,1 (T) = At/~ ,:L (T) (e.g. T is Suslin Prohorov). Then every Ty 1 - 
relatively compact subset ofy 1 is strictly tight. 
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Proof. Let A C y l . 

A) 1 For each integer n > 1, let K n G /C(T) such that, for every fi G A, 

/z(fi x AT„) > 1 — 1/n. Let T 0 = U n K n . The space T 0 is a countable 
union of Lusin spaces, thus it is Lusin. Furthermore, we have fi(Cl x 
T 0 ) = 1 for every fi G A, thus we can consider A as a strictly tight 
subset of A’ 1 (To)- But, for any subset T' of T, the topology r-yi/ T ,j is 
finer than the topology induced by r-yi^. Thus we only need to prove 
that A is r y’i(T 0 ) _ relatively compact and T^i^^-sequentially relatively 
compact. Furthermore, T 0 is a countable union of second countable 
Suslin spaces which are Borel subsets of T 0 , thus, from Lemma 2.1.2, 
we have 7yi(T 0 ) = T yi(n s* p* t 0 )- Thus 1 is a consequence of 2. 

2 Denote as usual by (Cl, Sp, P*) the P-completion of (Cl, S , P). The topol- 
ogy Ty s , is finer than Ty 1( ^ n s p ^, thus we only need to prove the 
result when (17, S, P) is complete. To do that, observe first that the Ty L - 
closure A of J? is also tight. From Theorem 4.2.3, A is r-yi -net-compact. 
Indeed, let be a subfamily of Q_ which dominates 1C and let e > 0. 
There exists K s G 1C such that fi(K£) < e for each /i G A. Choose an 
element G e of £' such that K e c G e and let Q^' = {G e } C Q[. We 
have fi(G % ) < £ for each fi £ A, thus Topspe’s criterion applies. Thus 
A is compact and A is relatively compact. From Lemma 4.1.1, A is also 
sequentially relatively compact. 

B) Let A be a r^i -relatively compact subset of y 1 . For each n C y 1 , let fin = 
fi(Cl x .) be the marginal of fi on T, defined by fin(B) = fi(Cl x B) for any 
B G Bj. It is clear that the mapping <f> : fi 1 — > fiQ, y 1 —> _A4 +,1 (T) is continuous 
for Ty-i, thus (f>(A) is relatively compact, thus it is tight, which means that, for 
any e > 0, there exists a compact subset K of T such that 

sup fi((Cl x K) c ) < e. 

□ 



Remarks 4.3.6 (Extension to (A4 +,1 (D x T ) , t ^ ) ) 

1. The generalization to (A4 +,1 (D x T),r^) of Theorem 4.3.5 (except the results 
on relative sequential compactness) is immediate. 

2. If Cl is standard and T is Suslin regular, we can complete this result in the 
following way. Let tq be a Polish topology on Cl such that S = £>( n, TSJ ). Then, 
from Theorem 2.1.13, coincides with the narrow topology. If A is strictly 
tight, it is tight w.r.t. the set IC(Cl x T). Conversely, if T is Prohorov, as the 
product of two Prohorov spaces is (trivially) Prohorov, the space fl x T endowed 
with the product topology T s is Prohorov. Thus any relatively compact subset 
of M+’\Cl x T) is tight w.r.t. 1C (Cl x T). 
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The following result can be seen as a semicontinuity theorem. 

Corollary 4.3.7 (When r^i and have the same compact subsets) As- 
sume that T is Prohorov and completely regular, and that its compact subsets are 
metrizable. Assume furthermore that A4 +,1 (T) = At+ ,:L (T) (all these conditions 
are statisfied if T is Suslin regular Prohorov). Let A. C y 1 . The following condi- 
tions are equivalent: 

(a) A is Ty i -relatively compact. 

( b ) A is Ty l -relatively compact. 

(c) A is strictly tight. 

Proof. As T is completely regular, the topology Ty, is Hausdorff. The implication 
(a) => ( b ) is obvious. Assume ( b ). Then the set (7 Tt)j(A) = {p(Ll x .); fi g A} 
of margins on T of elements of A is relatively compact for the weak topology 
on A4 +,1 (T) = A4+ ,1 (T), which coincides with the narrow topology because T is 
completely regular. As T is Prohorov, (7 Tt)|j(A) is tight, thus we have (c). The 
implication (c) => (a) comes from the Direct Prohorov Criterion. | 

Theorem 4.3.5 yields the following complement to the Portmanteau Theorem 
2.1.3, which extends by a different method [CV98, Proposition 3.1]. This theorem 
is also a semicontinuity theorem. Note that the limit of the net does not need to 
be explicited. 

Theorem 4.3.8 (Portmanteau Theorem continued) Assume that A4f ,:L (T) = 

A4 +,1 (T) (e.g. T is Radon or hereditarily Lindelof). Assume furthermore that T 
is completely regular and that each compact subset of T is metrizable. Let (p“) a6 A 
be a net in y 1 . Let C be a set of nonnegative S -measurable bounded functions 
which is stable under multiplication of two elements, which contains the constant 
function 1 and which generates S (e.g. C consists in the indicator functions of the 
elements of a subset of S which is stable under finite intersection, which contains 
LI and which generates S ). 

Assume that one of the following conditions is satisfied: 

(i) ( n a ) a is strictly tight 

(ii) or (n a ) a is flexibly tight and T is Suslin regular. 

The following are equivalent: 

1. (/i“) Q is S-stably convergent. 

2. (p a ) a is W-stably convergent. 

3. For each f € C, the net (p a (f <8 .)) a has a limit in A4 + (T). 

). For each f € C and each g € C& (T), the net (ix a (f <8 g)) a is convergent. 
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Remark 4.3.9 Under Assumption 3, if (/x“) a is a sequence and if T is Prohorov, 
the set of margins {yi a (f2 x .); a € A} is a relatively compact subset of A4 +,1 (T), 
thus Condition (i) is satisfied. We shall give a more general result for sequences 
in Theorem 4.5.1. 

Remark 4.3.10 The hypothesis that Af^" ,:L (T) = A4 +,1 (T) can be skipped in 
Theorem 4.3.8, if we assume that (/x “) a6 a is a net of r -regular Young measures, 
that is, fJ, a {A x .) £ A4 + (T) for each a £ A and each A € S. 

Proof of Theorem 4.3.8. The implications 1 => 2 => 4 and 1 => 3 => 4 are 
obvious. So, we only need to prove 4 => 3 and 3 => 1. 

Note that, as T is completely regular, the weak and narrow topologies coincide 
onM+’^T) =A4+> 1 (T). 

Now, if (i) or (ii) holds true, then, by Theorem 4. 3. 5. (A), the net (/z“) a is Ty X - 
relatively compact. Therefore, in any case, each subnet of (/i a ) Q has a convergent 
subnet (n a P)p which converges to a limit in y 1 . 

Assume 4. For each limit A of a subnet of (/x“) Q and for every / 6 C, we have 

Vg e Cb (T) X(f®g) = limg a (f®g), 

a 

that is, for every / G C and for all such limits A, the measures A (/ ® .) coincide 
on Cb (T). As T is completely regular, C (, (T) separates the elements of A4 + (T), 
thus, for each / G C, there exists a measure v € A4 + (T) such that each subnet of 
(g a (f ® .)) Q has a further subnet which converges to v. Therefore, (/x“(/ ® .)) a 
converges to v, that is, Condition 3 is satisfied. 

Assume now 3. Let £ be the set of bounded measurable functions / on O such 
that (/r“(/ ® .)) a has a limit in A4 + (T). As in the proof of Part C in Theorem 
2.1.3, the set £ is a monotone vector space which contains C, thus it contains all 
bounded measurable functions on fl. This proves that 3 does not depend on the 
choice of C, thus we can assume without loss of generality that C = {1a] A & S} . 
For each limit A of a subnet of (n a ) a and for every A £ S, we have 

A(A x .) = lim n a {A x .). 

cx. 

Thus all such limits A coincide on the product S x Bj. As S x B T is stable by finite 
intersections and generates B , all thoses limits coincide on B ■ We have proved that 
there exists a Young measure A such that, for each subnet of (ju“) Q , there exists 
a further subnet which S-stably converges to A. This proves that (n a ) a S-stably 
converges to A. 

Remark 4.3.11 In the cases (*) and (ii), if (fi a ) a is a sequence , we can reproduce 
the reasoning of the proof 3 =$■ 1 using subsequences instead of subnets, because, 
from Theorem 4.3.5, (/z“) a is relatively sequentially compact. 
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Support Theorem for strictly tight sequences We now give a result on the 
support of the limit of a sequence of Young measures. This result will be used in 
Section 6.1. Further developments on the same topic will be made in Section 6.5. 
If n G A4 +,1 (T), we denote by Suppp the support of n (if it exists), that is, the 
intersection of all closed subsets F such that p(F) = 1. It is easy to check that the 
support of p exists when p is r -regular, in particular when T is Radon or when T 
is hereditarily Lindelof. If ji, is a disintegrable Young measure and Supp exists 
for all u> G Cl, we shall denote by Supp /i the multifunction u> i— > Supp /z w . 

We also have to introduce the superior limit in the sense of Kuratowski of a 
sequence ( B n ) n of subsets of T: this is the set 

Is (B n ) = p| U B m- 

n m>n 

The following theorem is a generalization of [Val90b, Proposition 5 page 159]. 

Theorem 4.3.12 (Support Theorem) Assume that T has metrizable compact 
subsets. Let (p n ) n eN b e a strictly tight sequence in y 1 which W-stably converges 
to some fi°° € y 1 . For each n G N and each u> G fi, let Supp/z” be the support of 
the measure p". Let L be the graph of the multifunction ls(Supp/u n ), that is, 

L = {(w>,t) G O x T; t G ls(Supp/u")} . 

We have 

lC{L) = 1, 

where is the interior measure associated with p°° . 

Proof. We can assume w.l.g. that T is Suslin, because there exists a K a subset 
T 0 of T such that p”(f I x T 0 ) = 1 for every n G N U {oo}. As T is Radon, there 
exists a sequence (Kj)j> i of elements of K, such that, for each j > 1 and for each 
n G N U {oo}, n n {i I x Kj) > 1 /j. For each n G N and each j > 1, let T n ^ be the 
compact valued multifunction u> i— > Suppp"(. fl Kj). For each U G <?(T), we have 

T~ .U = {ugQ-, nlfu rKj) > 0} G 5, 

thus r n ,j is LV-measurable. For every n G N, the multifunction 

A n ,j : OJ I » U m > n r mi j(uj) 

is thus LV-measurable, with values contained in Kj. Since the space Kj is sep- 
arable metrizable, we have gph(A njJ ) G IC(Kj) (see (vi) page 7), which implies 
gph (. A n j ) G 5 < 8 » Bf. We thus have n n A n j eS® Bj , that is, 

Lj n n U m >„ gph (L rn j ) G S 0 Bj . 



Clearly, we also have Lj C L. Thus, we only need to prove that we have 
(4.3.1) /.i°°(Uj>iLj) = 1 
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But we have, for each j > 1, 



Vn 0 G N Vn > n 0 n n (gph (u m >„ 0 r m ,j)) > 1 



1 

J 



thus 



limsup^ n (L.,) >1 7 - 

n J 

Now, from Theorem 4.3.8, the sequence (p n ) ne n S-stably converges to p°°. We 
thus have 



> limsup/z"(Tj) > 1 

n 



l 

j 



which proves (4.3.1). 



□ 



Comparison of flexible tightness and strict tightness The following theo- 
rem is a generalization (with a similar proof) of a result of the third author, which 
was given in [Jaw84]. 

Theorem 4.3.13 (Equivalence of tightness notions) Assume that T is Suslin 
and that the set K. of compact subsets of T, endowed with the Vietoris topology, is 
Radon. A set 2) C y 1 is flexibly tight if and only if it is strictly tight. 

Such a theorem is not very useful if we do not know when K, is Radon. This is 
why we now exhibit two particular cases. 

Let us say that a sequence ( K n ) n of compact subsets of T is a cofinal sequence 
if each compact subset of T is contained in some K n (in this case, it is said that 
T is hemicompact) . Note that, if the compact subspaces K n are metrizable, T is a 
countable union of Polish spaces, thus it is Lusin. 

Theorem 4.3.14 (Cases of equivalence of tightness notions) Assume that 
one of the following conditions is satisfied: 

( i ) T is a regular Suslin Prohorov space, 

(ii) T has a cofinal sequence of metrizable compact subsets. 

Then the space /C is Radon, thus any flexibly tight subset of y 1 is strictly tight. 

Polish spaces are regular Suslin Prohorov spaces. Another useful example of Case 
(i) is provided by submetrizable fc^-spaces, that we shall investigate later in Sec- 
tion 4.4. 

Submetrizable k u - spaces also belong to Case (ii). Here is another example, 
which is not included in Case (i). 
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Example 4.3.15 (Topological vector space with a cofinal sequence of 
compact subsets) Condition (ii) of Theorem 4.3.14 is satisfied if T is the weak 
dual E* of a separable (locally convex) Frechet space E. Indeed, as E is barrelled, 
each bounded subset of E* is relatively compact, and, from [Bou81, Proposition 
2 page IV. 21], there exists a sequence (K n ) n > i of closed bounded subsets of E* 
such that each bounded subset of E* is contained in some K n . 

Furthermore, from the separability of E, there exists a countable family of con- 
tinuous functions on E* which separates the points of E* , thus E* is submetrizable, 
thus its compact subsets are metrizable. 

But, if E is not nuclear, E* does not belong to Case (i), because er(E*,E) is 
not Prohorov [Fer94], 

Proof of Theorem 4.3.13. Assume that 2) is flexibly tight and let e > 0. Let 
K G JC be such that 

sup n (K c ) = sup [ n u (T \ K(u>))dP(u) < 

Jn 2 

From Remark 1.2.1, as T is Suslin, K can be seen as a random element of JC 
(defined on the universal completion (ft,<S*,P*) of (ft,«S, P)), because, for any 
open subset U of T, the sets 

{uj G ft; K{to) n U ± 0} = tto [K n (ft x U)) 



and 



{w G ft; K(u) cU}=n n (. K n (ft x U c )) c 

belong to S*, where ttq denotes the canonical projection ft x T — > ft. To simplify 
notations, we assume now w.l.g. that (ft,«S, P) = (ft,5*,P*). 

As K, is radon, the law C {K) of the random element K is Radon, thus there 
exists a compact subset A of K, such that 

P{u G ft; K(uj) G > 1 — |. 

From Michael’s characterization of compact subsets of JC [Mic51, Theorem 2.5.2] 
(see also [Chr74, Theorem 3.1] for the converse implication), the set 

H = U 

is compact. 

Now, let ft' = {w G ft; K(u>) G A}. We have P(ft \ ft') < e/2 thus, for any 

l-i e 2), 

p(ftxlL c )= f ^{H c )dP(co)+ f ^{H c )dP(io) 

Js v Jn\ci' 

< f Hu,{T\K(uj))dP(u) + ^ 

J o / — 



< €. 



□ 
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Remark 4.3.16 It is easy to prove directly that, under the hypothesis (z) or (zz) 
of Theorem 4.3.14, any flexibly tight subset of y l is strictly tight. 

Indeed, let 2) C y 1 be flexibly tight. If (z) is satisfied, from Prohorov Criterion, 
2) is relatively compact in y 1 . From the Converse Prohorov Criterion, it is thus 
strictly tight. 

Assume now (zz). Then T is Lusin. Let (L n ) ne ^ be a nondecreasing cofinal 
sequence of metrizable compact subsets of T. Let e > 0 and let K £ 1C such that 
H{K) > 1 — e/2 for each fig 2)- By the Projection Theorem, for each ngN, the 
set A n = {w g 1 2; K(u>) C L n } is in S*, and we have U n A n = Cl and (A n ) n is 
nondecreasing. There exists thus no £ N such that P*(A„ 0 ) > 1 — e/2. We then 
have, for every /i £ 2L 

X L no ) > p{K \ (. A c n0 x T)) > 1 — e/2 - e/2 = 1 - e. 

A part of the proof of Theorem 4.3.14 lies in the following lemma. We recall 
that, if A is a random subset of T and / : Cl — > T a mapping, we say that / is a 
selection of A if f(u) £ A{u) for each u £ Cl. 

Lemma 4.3.17 Assume that T is Suslin submetrizable. Let K be a random ele- 
ment ofIC. Let Z be the set of measurable selections of K and set 2) = {C (/) ; / € 
Z}. Then 2) is a relatively compact subset of A4 +,1 (T). 

Proof. From Remark 1.2.1 (id), I\ is graph-measurable, that is, K £ 1C. Let 
2)' = {<5y; f £ Z}. The set 2)' is flexibly tight thus, from the Direct Prohorov 
Criterion (Theorem 4.3.5), it is relatively compact in y 1 . Thus 2) = (7T'r) t j (2) / ) is 
relatively compact in A4 +,1 (T). — ] 

Proof of Theorem 4.3.14. 

(z) We denote as usual by tt the topology of T and by r 0 a separable metrizable 
topology which is coarser than tt- Necessarily, t 0 has the same Borel sets as tj. 

Let us denote by t v (tt) the Vietoris topology on 1C and by t v (to) the Vietoris 
topology on the bigger set /C(T, to). The topology t v (tt) is submetrizable, because 
it is finer than the trace on K, of t v (to), which is metrizable. Thus, to prove that 
/C(T, tt) is Radon, we only need to prove that every element of A4 +,1 (/C(T, tt)) is 
tight (see page 12). 

Let K be a random element of 1C. With the notations of Lemma 4.3.17, the 
set 2) is relatively compact. As T is a completely regular Prohorov space, the 
space A4 +,1 (T) is Prohorov [Woj87]. There exists thus a nondecreasing sequence 
(Lm)m> l °f compact subsets of T such that, for each element / of Z and each m, 
we have P{w £ fl; f(u>) ^ L m } < 1/m. 

Assume that the law /i of K is not tight. From Michael’s characterization of 
compact subsets of 1C [Mic51, Theorem 2.5.2], there exists e > 0 such that, for each 
to > 1, the set A m := {co £ Cl; K(uj) (£_ L m } satisfies P (A m ) > e. From [CV77, 
Theorem III. 22], for each m > 1, there exists on A m a measurable selection f m of 
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w i— > K(lo) \ L m . Let (Jo be an arbitrary measurable selection of K. We extend 
fm on n by setting f m (io) = a o(o>) for u> g A m . We have f m G Z, thus 

P(A m ) = P{w G ft; f m {u) g L m } < 1/m 

which, for m > 1/e, contradicts P {A m ) > e. 

(ii) Let (L„,) ra gN be a cofinal sequence of metrizable compact subsets of T. 
From [Chr74, Theorem 3.1], if £ is a compact subset of /C(T), there exists n G N 
such that every element of £ is a subset of L n . Thus we have 

/C(T) = U„ eN /C(L I1 ). 

Furthermore, the Vietoris topology on each K.(L n ) is induced by the Vietoris 
topology on T. But each K,(L n ) is Polish (e.g. [CV77, Corollary II. 9]), thus /C(T) is 
a countable union of Lusin spaces, thus it is Lusin, thus it is Radon. [//] 

4.4 Submetrizable k^— spaces, Change of Topology 
Lemma 

Submetrizable k ^— spaces Submetrizable spaces are Suslin spaces which 
share many properties with Polish spaces. They are interesting not only because 
of these nice properties, but also because, in the study of tight sets of Young 
measures, it is sometimes possible to replace the topology of T by a stronger one 
which makes T a submetrizable k u - space (see the “Change of Topology Lemma” 
4.4.3, and some of its applications in Section 4.5). 

We say that a Hausdorff topological space T is a -space if there exists a 
countable family K, of compact subsets of T such that T = UkgkK and any subset 
U of T is open if and only if, for each K G /C, K fl U is an open subset of K 
(in the relative topology). We then say that K. determines the topology of T. 
The £; w -spaces are the same spaces as the hemicompact k^-spaces considered in 
[Whe83] . 

It is easy to check that, if K, = {K 0 ,Ki , . . .} determines the topology of T, 
then {K 0 , K 0 U K \, . . . , Uj< n K n , . . .} also determines the topology of T, thus we 
can always assume that K. = {A'o,ivi, . . . } for a nondecreasing sequence (K n ) n . 
In other words, a k u - space is the inductive limit of a nondecreasing sequence of 
compact subsets. 

Here are some properties of fc^-spaces which will be useful in the sequel. 

1. Assume that {K n ) n is a nondecreasing sequence of compact subsets of T 
which determines the topology of T. Then (K n ) n is a cofinal sequence of 
compact subsets of T. Indeed, assume the contrary and let AT be a compact 
subset of T which is not contained in any K n . There exist a sequence ( Xk)k of 
elements of K and a subsequence ( K nk )k of ( K n ) n such that Xk G K nk+1 \K nk 
for each k. Let L = {xu\ k G N}. For each n G N, the set L fl K n is finite, 
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thus it is closed. As T is determined by the sets K n , this means that L is 
closed, thus L is compact because it is contained in K. But the relative 
topology of L is determined by the sets {K n D L\ n € N}, which are finite. 
Thus L is discrete. This leads to a contradiction, because every discrete 
compact space is finite. 

2. Every Hausdorff fc^-space is normal, as was proved by Morita [Mor56] (see 
also [A1196, Proposition 2.7.1]). 

3. Every k u — space whose compact subsets are metrizable is a (normal, thus 
regular) Lusin space, because it is a countable union of Polish spaces. 

4. Thus a &: w -space is submetrizable if and only if its compact subsets are 
metrizable. 

5. Every fc^-space is Prohorov: This is a consequence of Corollary 6 in [HJ72]. 

Examples 4.4.1 spaces: a recipe) To build a k u - space, one can take a 
topological space (T, to) which admits a cofinal sequence of compact subsets, and 
then endow T with the finest topology r which has the same compact sets as To- 

The following example comes from [HJ72] : If E is a Frechet space, we can take 
for (T, To) the weak dual E* as in Example 4.3.15. Then, from Banach-Dieudonne 
Theorem (e.g. [Bou81, Sch66]), t is the topology t c of uniform convergence on com- 
pact subsets of E. If, furthermore, E is separable, then T = E* is a submetrizable 
k u - space. 

In particular, if E is a Frecliet-Montel space, then r = t c is also the topology 
Tb of uniform convergence on bounded subsets of E, that is, T is the strong dual 
Ej of E. Thus the space S' of tempered distributions is a submetrizable fc w -space. 

The following lemma shows how close to Polish spaces are submetrizable k u - 
spaces, with respect to properties of tight sets of Young measures. It will be used 
in particular in the proof of Proposition 4.5.2, in the case when T is a submetrizable 
k u - space. 

Lemma 4.4.2 (Lifting Lemma) Assume that T is a submetrizable k u -space and 
let ( K n ) n be a nondecreasing sequence of compact subsets of T which determines 
the topology of T. There exist a Polish locally compact k u -space S, a continuous 
surjection n : S — > T and a Borel injection if : T — > S such that 

1. no if is the identity mapping of T (in other words, ip is a lifting of n), 

2. For each compact subset K of T, ip{K) is a relatively compact subset ofS. 

3. A subset A of A4 +,1 (T) is tight if and only if its image ip$(&) by ip in A4 +,1 (S) 

is tight. 
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Furthermore, the mappings 

J OxS - ► fixT J x T — > fixS 

~ ( W ,7r(s)) and ^ : \(ca,t) ~ 

are measurable and satisfy 

4. no if is the identity mapping of 0 x T, 

5. For each K G 1C, ip{K) is a random compact subset ofS, and, for each random 
compact subset K ofS, we have n(K) G 1C. 

6. For * = S,M,N, W, the mapping n_^ maps continuously (^(S), T-y)^) onto 

(J ;1 (T), Tyi) (note that, from Part G of Portmanteau Theorem 2.1.3, we know 
that the topologies coincide). Furthermore, a subset A ofy 1 ( T) is strictly 

tight if and only if its image ip^(A) in ^(S) by ip is strictly tight. 

Proof. For each integer to > 1, let d rn be a distance on K m which is compatible 
with the topology induced by r and such that d m < 1. 

For each m > 1, let K m = {to} x IC m . We then set 

S = O m >i{TO} X IC rn 

and we endow S with the distance d defined by d((m , x), (n, y )) = d m { x, y ) if to = n 
and d((m,x), ( n,y )) = 1 otherwise. The space S is a K a metric space (it is even 
locally compact), thus it is separable, and it is easy to check that it is complete 
(see [Bou74], Proposition 1 page IX. 57), that the canonical surjection n : S — » T, 
(■ in,x ) i— > x is continuous and that, for each to > 1, n induces a homeomorphism 
of K. m onto K m . The topology of S is determined by the sets C n = Gj< n Kj. 

For each m > 1, let n m be the restriction of n to K m . Let ip : T — > S defined 
by ip{x) = 7r,“ 1 (a;) if x G K m \K m - 1 (we set ICq = 0). Thus noip{x) = x for every 
iGT, and ip is a measurable injection. 

The proof of 3 follows immediately from the fact that ip and n map compact 
subsets into relatively compact subsets. 

The verification of 4 and 5 is trivial. 

Let us prove 6. To prove the continuity property, we only need to prove that 
7Tjj maps continuously ((V 1 (S), Tyi^) onto (IV 1 (T), r-yi). 

Let G be a random open subset of T. The set 7 t _ 1 (G) is measurable and, for 
each u) G f2, the set n~ 1 (G(w)) is open, thus n_~ l {G) is a random open subset of S. 
Let (/z“) a be a net in 3^ 1 (S) which S-stably converges to an element n°° of 3^ 1 (S). 
We thus have 



liminffc p a )(G) = lim inf pC (77 1 (G)) 

a. w a. 

>^{n-\G)) 

= (7 r #A G°)(G), 
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which shows the continuity of 7 ^ for and r|,i. As there is only one stable 

topology on this entails the continuity for * = M, N and W on J ;1 (T). 

For every /j G J ;1 (T) and for every B G we have 

(ipQ n)(£l x B) = /z(^ _1 (fi x B)) = n(£l x '0 -1 (B)), 

thus 

(4.4.1) (^)(flx.)=f|(/j(!lx.)). 

Let A C A’ 1 (T). The set A is strictly tight if and only if {/z(f 2 x .); p G J?} is a 
tight subset of _A4 +,1 (T), But, from Property 3, the set {/j(fl x .); /i G A} is tight 
if and only if its image by if is a tight subset of A4 +,1 (S), which, by (4.4.1), means 
that is strictly tight. Q 



Change of Topology Lemma Let ( K n ) n efi be a sequence of compact subsets 
of T. Let A C A4 +,1 (T). Let us say that (A'„) n eN tightens A if, for each e > 0, 
there exists an nGN such that sup p{Kn) — £ - 

If each compact subset of T is metrizable, and if A is a subset of y 1 which 
is tightened by a nondecreasing sequence (AT„)neN of metrizable compact subsets 
of T, the topology of A remains unchanged if we replace the topology of T by a 
stronger fc w -topology. This is shown in the following lemma, the idea of which is 
due to A. Bouziad. 



Lemma 4.4.3 (Change of topology [Bou]) Assume that each compact subset 
of T is metrizable. Let A be a strictly tight subset of y 1 . Let (K n )new be a non- 
decreasing sequence of compact subsets of T which tightens A. Let To = U ne NAT n . 
We thus have p(Cl x To) = 1 for every p G A, that is, A C A 11 (To). Let Tq be the 
topology on T 0 determined by the sets K n . Then 

(i) (To, To) is a submetrizable k u -space, 

(ii) Tq is finer than the topology tq induced on To by Tf, and Tq has the same 
Borel sets as t 0 , 



(Hi) ( K n )n is a sequence of r(-compact subsets of To which tightens A, 

(iv) The topologies t£ 1(To |T , } , t™ 1(To t , ); i (T)Tr) and tJi (T)T i) coincide on A. 

Proof. The only point which needs a proof is (iv). First, for * = S,M, N, W, let 
! ( T )|;y i (y ) be tbe restriction of to the subspace y l (T 0 ). We have 



C C T yl(To,r 0 ) C ^(To.r')- 



But the Tyi( To ^-closure A of A is strictly tight in 3^ 1 (T 0 , Tq), thus it is Tyi^ To 
compact, therefore Ty 1( j o and Ty)^^^ ) coincide on A. Q 
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Remark 4.4.4 Taking S = {0, ST} , the Change of Topology Lemma implies that 
the narrow topologies on _A4 +,1 (T, tt) and _A4 +,1 (To, Tq) coincide on any subset A 
of _A4 +,1 (T) which is tightened by (K n ) n& ^. 



4.5 Sequential properties: sequential Prohorov 
property, Komlos convergence, Mazur— com- 
pactness 

Sequential Prohorov property Let us say that T is sequentially Prohorov if 
every convergent sequence in A1^’ 1 (T) is tight. Clearly, Prohorov spaces are se- 
quentially Prohorov. Topspoe [Top70b, Theorem 9.3] provides another sufficient 
criterion, generalizing a result of Le Cam: If, for any K £ 1C, there exists K 0 £ K, 
such that K C K 0 and Kq has a countable base of neighbourhoods, then T is se- 
quentially Prohorov. In particular, all metric spaces and all locally compact spaces 
are sequentially Prohorov. Fernique [Fer67, Exemple 1.6.4] gives a counterexample 
showing that the weak topology cr(E, E) of an infinite dimensional Hilbert space 
is never sequentially Prohorov. This counterexample is generalized in [FGH72, 
page 126] to prove that, if E is an infinite dimensional Banach space with dual E*, 
neither (E, cr(E,E*)) nor (E*, cr(E*, E)) is sequentially Prohorov. 

The following result is almost obvious, but very important! 

Theorem 4.5.1 (Sequential Semicontinuity Theorem) Assume that T is se- 
quentially Prohorov and that its compact subsets are metrizable. Let (/z”) n£ N be a 
sequence of elements ofy 1 and let £ y 1 . Assume that, for each n € N U {oo}, 
p n (fl x .) is in A4) I ~(T) (this is the case if T is metrizable or if T is Radon). The 
following implication holds true: 

IV — stably OO Tt ^ — stably OO 

fl ^ 7* j(i ^ fJi . 

In particular, if T is completely regular and Radon or if T is metrizable, we have 

, ,Tl W-stably , ,00 ^ 71 S-stably fi OO 

/-L ^ fJj 7* jU ^ fJj . 

Proof. Indeed, from the Converse Prohorov Criterion (Theorem 4.3.5), the set 
A = {^i”; neffU {oo}} is strictly tight, because the margins p n (Cl x .) narrowly 
converge to x .). Thus, from the Direct Prohorov Criterion (Theorem 4.3.5), 

A is Ty! -compact, and the topologies r^i and t{|i coincide on A. 

If T is is completely regular and Radon or if T is metrizable (provided that 
T contains a dense subspace with non-measurable cardinal), we have A4)f(T) = 
A4 + (T), thus = Ty[ (see Part D of Theorem 2.1.3). Q 
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Proposition 4.5.2 (Relative compactness deduced from sequential rela- 
tive compactness) Assume that T is a Polish space or a sequentially Prohorov 
space with a cofinal sequence of metrizable compact subsets. Let A. be <1 Ty! 
sequentially relatively compact subset ofy 1 . Then A is strictly tight. 

In particular, any sequentially Prohorov space with a cofinal sequence of metriz- 
able compact subsets is Prohorov. 

Remark 4.5.3 That 7yi -sequential relative compactness implies Tyi -relative com- 
pactness is obvious if S is essentially countably generated and T is a Suslin metriz- 
able space, because then, from Proposition 2.3.1, is metrizable. 

Proof of Proposition 4.5.2. Assume first that T is Polish. From continuity 
of the mapping p i— > p(Cl x .), the set {p(Ll x .); p £ A} is sequentially relatively 
compact. From metrizability of A4 +,1 (T), it is thus relatively compact, thus it 
is tight. This means that A is strictly tight. Thus, from the Direct Prohorov 
Criterion (Theorem 4.3.5), A is relatively compact. 

Assume now that T is a sequentially Prohorov space with a cofinal sequence 
(K r n) rn >\ of metrizable compact subsets. We can assume that ( K m )m>i is non- 
decreasing. Let t' be the fc^-topology determined by (K m ) m >\. Let (p n ) n be 
a sequence in A. Let (u n ) n be a subsequence of ( p n ) n ■ There exists a r|,i- 
convergent subsequence (A")„ of ( v n ) n ■ From the sequential Prohorov property, 
the set {A n ; n € NU{oo}} is strictly tight. Thus {A n ; n € NU{oo}} is strictly tight 
for t' . Thus A is sequentially relatively compact for Ty^^y As r' is hner than rt, 
we can thus assume without loss of generality that T is a submetrizable fc w -space. 
From Lemma 4.4.2, and with the same notations, the set ^({A"; neNU {oo}}) 
is strictly tight. From Prohorov Criterion (Theorem 4.3.5), there exists a subse- 
quence ( p n ) n of (V’jj A ra ) n which is convergent for Tyi^. This shows that the set 
ip^ A is Tyi( S )-sequentially relatively compact. Therefore, from continuity of the 
mapping : 3-d(§) — ► 3 ;1 (T), we can deduce the result from the Polish case. 

n 



Komlos convergence Let ( u n ) n be a sequence of random elements of a topo- 
logical vector space T, dehned on (f2,<S,P), and let u be a random element of T 
defined on (fi,<S,P). Following Balder [Bal91], we say that (u n ) n Komlos con- 
verges , or K-converges to u if, for every subsequence ( v n ) n of (u n ) n , the sequence 

almost everywhere converges to u , and, when we consider random 

n 

laws (i.e. disintegrate Young measures), we adapt naturally this definition to the 
convex set A4 +,1 (T) endowed with the topology of narrow convergence. 

We recall the celebrated Komlos Theorem [Kom67]: If (■ u n ) n is a bounded 
sequence of elements of L 1 (D, S, P), then there exists a subsequence (v n ) n of (u n ) n 
which K-converges to an element v of L 1 (fl,5,P). 
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This theorem has been extended to random elements of a Banach space (with 
additional conditions) in [Bou79, Gar79, BBR79, Bal89b, Gue97, Saa98]. Multi- 
valued versions of Komlos’s theorem are given in [BH96, CE98]. 

E. Balder [Bal90] was the first who applied this theorem to Young measures 
(but the notion of K-convergence is already at work in [Fis67, Section 3] or in 
[Fis71]). 

In particular, he used it as a tool to prove sequential compactness in 3{} is . 
the contrary, we deduce here K-convergence of Young measures from sequential 
compactness. The following lemma is very powerful, because it allows to pass from 
S-stable convergence to almost everywhere convergence. It is essentially due to 
Balder [Bal90], who proved it in the Suslin regular case. 

Lemma 4.5.4 (K— convergence from S— stable convergence) Assume that 
the compact subsets of T are metrizable. Let (^")neN be a strictly tight sequence 
in y 1 = Objis ( see Lemma 4-3.1), which S-stably converges to a limit fi°° € 3^di s - 
Then there exists a subsequence of (/r ra ) nS N which K-converges to pC° . 

Proof. 

First step Assume first that T is a separable metric space. There exists thus a 
countable set {/*,; k £ N} of nonnegative bounded continuous functions on T such 
that the topology of A4 +,1 (T) is the coarsest topology such that the mappings 
v i— > v(f k ) (k € N) are continuous. 

For each k £ N and each n £ (N U {oo}), let gAf be the random variable 
ui i— > nZ(fk)- We have lim^oo f A gAfd P = f A tp™ d P for every and every 

k € N. In particular, (<p£) n6 N is bounded in L 1 . From Kornlos Theorem, there 
exists a subsequence of (<^) n6 N which K-converges to a limit g k - From Lebesgue’s 
dominated convergence theorem, we have necessarily g k = . By an obvious 

diagonal process, we can extract a subsequence (jS™) n6 j* °f (M")neN such that, for 
each k £ N, the associated sequence (g>%)neN K-converges to tp%f. This proves 
that (p n ) n eN K-converges to //°°. 

Second step Assume now that T is a submetrizable fc^-space. We use the 
notations of the Lifting Lemma 4.4.2. From the Converse Prohorov Criterion 
(Theorem 4.3.5), the set 2) := {/ x n ; n € (N U {oo})} is strictly tight, thus, from 
Lemma 4.4.2, the image 2)' of 2) by the lifting tj) is a strictly tight subset of 3{}is(^)' 
From the Direct Prohorov Criterion (Theorem 4.3.5), there exists a subsequence 
(. o n ) n of (V’(t< n ))n which S-stably converges to a limit v, and from continuity of 
p i— > 7r (ff), we have t t_(v) = pL°° . From the first step, there exists a subsequence 
( v n ) n °f iy n )n which K-converges to v, and from continuity of 7r, the sequence 
(a ( f'"))n K-converges to /r°°. 

Third step We now consider the general case. As (/x") n eN is tight, we can 
assume that T is a iv CT -space. From the Change of Topology Lemma 4.4.3, there 
exists thus a topology t' on T which is finer than the original topology tj of T, 
such that (T, r') is a submetrizable k u - space and such that (/x") n£ N converges 
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to n°° for From the second step, there exists a subsequence (/z") ne jj of 

(^”) nS N which K-converges to /x°° in thus in M + ' 1 (tj). Q 

Let us introduce in the next lemma a condition of “sequential almost every- 
where tightness” for disintegrable Young measures. 

Lemma 4.5.5 Assume that T is a Suslin regular Prohorov space or that T has 
a cofinal sequence of metrizable compact subsets. Let 2) C y 1 be such that, for 
each sequence ( ti n ) n of elements ofT), the set {/r™; n £ N} is almost everywhere 
tight. Then 2) is Ty r -sequentially relatively compact. 

Proof. Assume first that T is a regular Suslin Prohorov space. Let {n n ) n eN be a 
sequence in 2). For each to £ LI, let 



HW) = |J {/#}. 

ne N 

For almost every lv £ LI, the set H(ui) is closed and tight, thus compact. 
For any open subset U of _A4 +,1 (T), we have 

h~u = {io £ n ; h(lo) n u ± 0} = |J {veil; nZeUjeS, 

nSN 



thus H is LV-measurable. Now, as _A4 +,1 (T) is Suslin regular, there exists from 
Lemma 1.1.2 a continuous distance S on _A4 +,1 (T) such that U is (5-open. From 
[CV77, Theorem III. 2], as H is <5-LV-measurable, it is also <5-V-measurable, thus 
we have also H + U £ S. Therefore H is a Borel mapping from Lt to /C(A4 +,1 (T)). 

Let e > 0. The space A4 +,1 (T) is Suslin regular. Furthermore, from [Woj87], 
_A4 +-1 (T) is Prohorov. Thus, from Theorem 4.3.14, the space /C(A4 +-1 (T)) is 
Radon. There exist thus fli £ S and a compact subset £ of /C(A4 +,1 (T)) such 
that 

P(fli) > 1 — e/2 and Vw £ Lli H{u) £ £. 

Now, from [Mic51, Theorem 2.5.2], the set 



is a compact subset of A4 + ' 1 (T). We thus have 

Vw £ Lh H{u) c £. 

As A4 +,1 (T) is Prohorov, there exists a compact subset L of T such that, for any 
v £ £, we have v(L) > 1 — e/2. We thus have 

sup p n {Ll xL)> sup/i"(fli x L) > (1 — e/2) 2 > 1 — e. 

nSN nSN 
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This shows that the set {/i”; n £ N} is strictly tight, thus, from the Direct Pro- 
horov Criterion (Theorem 4.3.5), it admits a convergent subsequence. Thus 2) is 
Ty i -sequentially relatively compact. 

Assume now that T admits a cofinal sequence ( K n ) n of metrizable compact 
subsets. We assume w.l.g. that (. K n ) n is nondecreasing. Let r' be the topol- 
ogy on T determined by ( K n ) n . For each sequence (p”) n6 N of elements of %), 
the sequence (MS)neN is almost everywhere tight in Af +,1 (T, t'). As (T, t') is a 
submetrizable fc w -space, it is regular Suslin and Prohorov, thus, from the preced- 
ing study, 2) is t|h( T T /) -sequentially relatively compact, and therefore it is also 
.^-sequentially relatively compact. 

We deduce from Lemma 4.5.5 the following converse to Lemma 4.5.4. We shall 
use again Lemma 4.5.5 in the proof of Theorem 4.5.8. 

Proposition 4.5.6 (S stable convergence from K convergence) Let ( p") n 
be a sequence in 3Lj is which K-converges to a limit p.°° € Adi s - Assume that T 
is Suslin regular. Assume furthermore that (p”)„ is strictly tight, or that T is 
Prohorov, or that T has a cofinal sequence of metrizable compact subsets. Then 
(n n ) n S-stably converges to p°°. 

Proof. From the Direct Prohorov Criterion (Theorem 4.3.5) if (p n ) n is strictly 
tight, or else from Lemma 4.5.5, (p”) n is r|,i -sequentially relatively compact. 
For each subsequence of (/x n ) n , there exists a further subsequence (Jl n )n of (p n ) n 
which S-stably converges to a limit v. But, as {n n ) n K-converges to p°°, we have 
H°° = v. Indeed, for each 4e5 and each / £ Cj (T), we have, using Lebesgue’s 
dominated convergence theorem, 



1.4 ® /) = lim p n ( 1 A ®f)= lim - V p, l ( t A <g> /) = p( 1 A ® /)• 

n n Tl . — ' 

We have proved that each subsequence of (/z”) n has a further subsequence which 
S-stably converges to n°° . Thus (//*)„ S-stably converges to p°°. — ] 



Mazur— compactness For any subset A of a vector space, we denote by coA 
the convex hull of A. 

Let us recall the following theorem of Mazur (see [Maz33, Section 2]): If 
( x n )„ is a weakly convergent sequence of a Banach space E, then there exists 
a sequence ( y n )n of elements of E which converges in E to the same limit, with 
y n € co{x n ,x n+ i, . . .}. Indeed, let x be the weak limit of ( x n ) n . Let us denote 
respectively by w-cl [A] and cl [A] the weak and strong closures of a subset A of 
E. We then have, for every n, 



x Gw-cl [{x n , . . . }] Cw-cl [co {x n , ...}]= cl [co { x n , ...}]. 
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Let 2) be a set of random elements of a topological vector space. We assume 
that all elements of 2) are defined on P). We say that %) is Mazur-compact 
if, for each sequence (u n ) n of elements of 2), there exists a sequence (v n ) n which is 
almost everywhere convergent and such that, for each n € N, v n € co {u m ; m > n}. 

Of course, we can apply this definition to disintegrable Young measures by 
embedding the convex set _A4 +,1 (T) in the vector space of signed measures on T. 

Yet another characterization of strict tightness and flexible tightness (in 
the case of a Polish space or a submetrizable space) This characteriza- 
tion will be given in Theorem 4.5.8, using K-convergence and Mazur compactness. 

The following lemma gives a necessary and sufficient condition of relative com- 
pactness in A4 + ' 1 (T). It was proved in [CV98, Proposition 3.3] in the case when 
T is Polish (see also Proposition 6.4.4 page 158). We shall use this lemma in the 
proof of Theorem 4.5.8, which gives necessary and sufficient conditions of relative 
compactness for Tyi. 

Lemma 4.5.7 Assume that T is Polish or that T has a cofinal sequence of metriz- 
able compact subsets (e.g. T is a submetrizable k^-space). Let 2) C A4 + (T). The 
following conditions are equivalent: 

1. 2) is tight. 

2. For each sequence {/a n ) n of elements of if), there exists a tight sequence (v n )n 
in A4 + (T) such that, for every n £ N, v n £ co{^. m ; m > n}. 

Proof. 

The proof in the Polish case is given in [CV98, Proposition 3.3]. We reproduce 
it in Chapter 6 (Proposition 6.4.4 page 158), instead of giving it here, because it 
uses duality arguments which are best integrated in this chapter. But there is no 
logical circle ! 

Assume that T has a cofinal sequence of metrizable compact subsets. The 
implication 1=^2 is obvious, because, for every n, we have n„ £ co{/i m ; m > n}. 

Conversely, assume 2. Let (/x„) n6 N be a sequence of elements of 2). Let 
be a cofinal sequence of metrizable compact subsets of T. Each tight subset of 
_A4 +-1 (T) is tightened by (. Kj)j e n- Thus, if t' denotes the k u topology determined 
by each tight subset of A4 +,1 (T) is tight for tt if and only if it is tight for 

t' . We can thus assume without loss of generality that T is a submetrizable k u - 
space. With the notations of Lemma 4.4.2, let £ = Let (/z") n be a sequence 

of elements of £. Then there exists a tight sequence {o n ) n in _A4 + (T) such that, 
for every n £ N, v n £ co {7Tj p, m ; m > n}. We thus have V’J v n £ co {/r m ; m > n}. 
From Proposition 3.3 in [CV98], the set £ is tight, thus, from Lemma 4.4.2, 2) = 
7T # (£) is tight. □ 

Theorem 4.5.8 Assume that T is Polish or that T is a Prohorov space with a 
cofinal sequence of metrizable compact subsets (e.g. T is a submetrizable k u -space). 
Let 2) C y 1 . The following conditions are equivalent: 
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1. 2) is (strictly or flexibly) tight. 

2. For each sequence (p n ) n of elements of%), there exists a subsequence (A ra )„ of 
(li n )n which is K-convergent. 

3. For each sequence ( p n ) n of elements of%), there exists a subsequence (A n )„ of 
(fl n )n such that the sequence 



[}/n± K) 

A 2=1 ' n 

is almost everywhere convergent. 

4. A is Mazur-compact. 

5. For each sequence (/z n ) n of elements o/2)„ there exists a sequence ( v n ) n in y 1 
such that , for every n £ N, v n £ co {/i m ; m > n} and, for almost every to £ ft, 
(i/”) n is tight. 

6. For each sequence (n n ) n of elements ofT), there exists a (strictly or flexibly) 
tight sequence ( v n ) n in y 1 such that, for every n £ N, v n £ co{/i m ; m > n}. 

Proof. 

1 =>■ 2 comes from Lemma 4.5.4. 

2 =$■ 3 is obvious. 

3 =>■ 4 Assume 3. Let (/z n ) n be a sequence of elements of if) and let (A")„ be a 
subsequence of {p n ) n such that the sequence (1/n ]T]” =1 is almost everywhere 
convergent. For almost every w £ Cl, the sequence 




is almost everywhere convergent, and we have v n £ co{/i m ; m > n} for every 
n > 1. 

4 => 1 Assume 4. Let (fl n ) n be a sequence of elements of 2). For each subse- 
quence (A n )„ of (n n ) n , there exists a subsequence {v n ) n in y 1 such that, for every 
n £ N, v n £ co{A m ; m > n} and such that (i/") n almost everywhere converges. 
The sequence (n n (0 x .)) is narrowly convergent, thus (i/”) n is strictly tight. Thus, 
for each subsequence (A"(fi x .))„ of x .))„, there exists a narrowly conver- 

gent sequence ( v n ) n in A4 +,1 (T) such that v n £ co{A m (fl x .); m > n} for every 
n £ N. From [CV98, Proposition 3.3], this implies that (/x")„ is strictly tight. 

4 5 is obvious from the (sequential) Prohorov property. 
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5 => 6 comes from Lemma 4.5.5 and the fact that T is sequentially Prohorov. 

6 =t> 4 Assume 6. Let (p n ) n be a sequence of elements of 2) and let ( u n ) n 

be a flexibly tight sequence {v n ) n in y 1 such that, for every n € N, v n € 
co {p m ; m > n}. Using again Balder’s result (Lemma 4.5.4), we see that there 
exists a subsequence of ( v n ) n which is K-convergent. We denote this subsequence 
again by (v n ) n . We then obtain 4 by the same technique as for the implication 
3^4. ' □ 

Corollary 4.5.9 Assume that T is Polish or that T is a Prohorov space with a 
cofinal sequence of metrizable compact subsets (e.g. T is a submetrizable k u -space). 
Let 2) be a convex subset of y 1 . The following conditions are equivalent: 

1. 2) is sequentially closed for Ty X ■ 

2. 2) is sequentially closed for r pro b (A 11 )- 

In particular, if T is Polish and S is essentially countably generated, then every 
closed convex subset of (y 1 , r^i) = ((V 1 , tJ, i) is closed for T pl . 0 b (J 71 ) • 

Proof. From Theorem 3.1.2, we have 1 => 2. Assume 2 and let (/z n ) raS N be a 
sequence in y 1 which W-stably converges to some p € y 1 . Then {p n ; n € N} is 
strictly tight, thus, from Theorem 4.5.8, there exists a subsequence {v n ) n of {p n ) n 
such that 




Thus the sequence (l/n^"=i l/ *)« converges in probability to ji. As 2) is convex 
and sequentially closed in probability, we thus have (i£5), which proves 1. 

If T is Polish and S is essentially countably generated, we know from Propo- 
sition 2.3.1 that Tyi = Ty i is metrizable. Furthermore, from e.g. Theorem 3.2.1, 
Tprob (j 71 ) is also metrizable. Thus sequential closedness amounts to closedness in 
any of the topologies r^i and r pro b (3- 71 ), which entails the second part of Corollary 
4.5.9. □ 
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4.6 Tables 

In this section, we gather some important results which are spread in Chapters 4 
and 2. 



Table 1: Semicontinuity Theorem 



cv W— stably ^ n S-stably 

H > n => n > fi 


Sufficient condition 


Proof 


T is Suslin metrizable 


Theorem 2.1.3 (Part G) page 25 


(n a ) a is strictly tight 
and A4+d(T) = At+d(T) (e.g. T is 
Radon or hereditarily Lindelof) and T 
is completely regular and the compact 
subsets of T are metrizable 

or 

{n a ) a is flexibly tight 
and T is Suslin regular 


Theorem 4.3.8 page 94 


(/jL a ) a is a sequence and T is sequen- 
tially Prohorov such that A4^ (T) = 
.M+( T) = Af + (T) (e.g. T is a metric 
space or a submetrizable fc^-space) 


Theorem 4.5.1 page 104 
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Table 2: Relative sequential compactness criteria 



£ C y 1 is Tyi -sequentially relatively compact 


Sufficient condition 


Proof 


A is strictly tight 

and the compact subsets of T are 
metrizable 


Theorem 4.3.5 (Prohorov Criterion) 


or 


page 92 


A is flexibly tight 

and T is Suslin submetrizable 




A is flexibly tight 


Theorem 4.3.5 (Prohorov Criterion) 


and T is Suslin and /C(T) is Radon (e.g. 


page 92 and 


T has a cofinal sequence of metrizable 


Theorem 4.3.13 page 97 (see also The- 


compact subsets) 


orem 4.3.14) 



A. is Tyi -sequentially relatively compacts It is Ty i -relatively compact 


Sufficient condition 


Proof 


T is Suslin metrizable and S is essen- 
tially countably generated (thus Ty* is 
metrizable) 


Remark 4.5.3 page 105 


T is a Polish space or a sequentially Pro- 
horov space with a cofinal sequence of 
compact metrizable subsets (e.g. T is a 
submetrizable fc w -space) 


Proposition 4.5.2 page 105 



A is Ty i -relatively compact => JT is Ty i -sequentially relatively compact 


Sufficient condition 


Proof 


T is Suslin submetrizable 


Lemma 4.1.1 page 84 






Chapter 5 



Strong tightness 



5.1 Equivalent definitions 

The following definition is a generalization to Young measures of the definition of 
strong tightness given by Kruk and Zi§ba (see [KZ94, KZ95, KZ96]) for random 
elements of a Polish space. We denote by P* the inner probability associated with 

P. 

Let 2} C 3^ ■ We say that 2) is strongly tight if 2) admits a disintegration 
(Mw)jueg),u>e fi such that Condition (i) below is satisfied. 

(i) For each e > 0, there exists a tight subset J? £ of A4 +,1 (T) such that 

P * {tu O; V/r £ 2} £= ty. } >1 — £. 

Thus, for disintegrable Young measures, strong tightness is a stronger property 
than strict tightness (compare with (c) of Theorem 4.3.2). In the case when 
there is no O (that is, S = {0,0}), these three notions of tightness (including 
flexible tightness) coincide with the usual tightness notion in A4 +,1 (T). We give 
in Theorem 5.1.1 below the main features of strong tightness. 

Theorem 5.1.1 (Equivalence theorem for strong tightness) Let 2) C 3}} is . 
Condition (i) is equivalent to each of the following conditions: 

( ii ) There exists a sequence (K n )nEN of compact subsets of T and, for every 
£ > 0, there exists 0 £ £ S, with P(0 £ ) > 1 — e, such that 

V<5 > 0 3n £ N Vw £ O e \/p £ 2) Pui{K n ) >1 — 5. 

(iii) For each £ > 0, there exists a compact subset K e of T such that 

P* {uj £ O; V/i £ 2) Hw{K e ) > 1 — e} > 1 — e. 
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(iv) There exists a sequence (K n ) ne ^ of compact subsets of T and a measurable 
subset ff* of O, with P(fP) = 1, such that 

Vw £ fl* V(5 > 0 3n £N V/z € 2) p w (K n ) > 1 — <5. 

(v) There exists an inf-compact function h : T — > [0, +oo] such that 

f f sup f h(t) dp^it)] dP(w) < +oo. 

JQ. J T / 

Furthermore, if T is Suslin, then 2) C 3^ is is strongly tight if and only if one of 
the following conditions is satisfied: 

(Hi)* For each £ > 0, there exists a compact random set K e such that 
P* {we(J;V/ie3) Pu{K £ (<jj)) > 1 - s) > 1 - e. 

(iii)** For each e > 0, there exists a compact random set K e such that 
P* {u> £ O; V/z £ 2} p u (K s (u)) >l-e} = l. 

Remark and Definition 5.1.2 Let (K n ) ne ^ be a sequence of compact subsets 
of T. Let A C .M +,1 (T). Recall that (AT„) rae N tightens A if, for each e > 0, there 
exists an n € N such that sup ia(K(f) < e. In particular, if (K n ) ne ff tightens 
A, then A is tight and all p £ A satisfy p(T 0 ) = 1, where T 0 is the I\ a subspace 
U„ 6 NA" ra , but this information tells nothing about the “rate” of tightness, that is, 
the way the sequence (sup pgj? p(K £ )) n ^ converges to 0. 

Let 2) C y^ is . We say that ( K n ) ne ^ strongly tightens 2} if ( K n ) n satisfies 
(ii). This implies that, for each e > 0, there exists a subset A e of Ad +,1 (T) which 
is tightened by ( K n ) n e pj, such that 

P* { u> £ fl; V/i £ 2) Pu £ >1 — £. 

Thus we can take all A. e in Condition (i) in such a way that they be tightened by 
the same sequence (A„) n6N , but not necessarily with the same “rate” of tightness. 
In the non-Suslin case, this is probably the main difference between strong tight- 
ness and Condition (iii )* , where the choice of a sequence (K. n ) n& ^ which tightens 
{pu\ P G 2)} depends a priori on uj. 

We could have called the strong tighness property expressed by (i) 11 strong 
strict tightness ” , whereas (iii)* would express “ strong flexible tightness” . 

Proof of Theorem 5.1.1. 

First, let us note that (i)o(j), where (j) is the following condition: 

(j) For each £ > 0, there exists fl e £ S such that P(f2 e ) > 1 — £ and such that, 
for each S > 0, there exists a compact subset K £,s of At +,1 (T) satisfying 

Vwefl £ Vp£fl) p u (K £ ’ s )>l-S. 




5.1. EQ UIVALENT DEFINITIONS 



117 



We shall prove the implications (j)=t>(ii)=>(i), (j)o(iii), (iii)=>(iv), (iv)=>(iii), 
(iii)=>(v), (v)=>(iii), (iii)^(iii)* and (iii)*<=>(iii)** . 

0 i)=>(U) 

If (j) holds true, let (?7n)neN be any decreasing sequence of positive numbers 
with limit 0, and set K n = K r]n,r}n for any n G N. This gives Condition (ii). 

00=>0) 

Assume (ii). For each £ > 0 and each <5 > 0, let n(e,5) £ N be such that 
Hu>(K n (e,5)) > 1 — S for each u> £ Sl e and each (i 6 2)- To prove (i), we only need 
to set 

& s = {v £ A1 +,1 (T); VS > 0 v(K n ( £ j)) > 1 - 5} . 



(j)^(iii) 

Condition (j ) can be written in the form 

(jj) For each e > 0 and each 5 > 0, there exists a compact subset K £ ’ S of 
_M +,1 (T) such that 

P* {lo G SI; VS > 0 Vfi G 2} fj, u ( K E,s ) > 1 - 5} > 1 — e. 

Now, (jj) clearly implies (Hi). Conversely, assume (Hi), and let £ > 0. For each 
n G N, let K n G /C(T) and fl” G S such that P(f2") > 1 — 2~ n e and 

fl £ C {w£ St; V/j, G 2} ^(K n ) > 1 - 2 _n e } . 



and set 

st e = n n > 2 fi”. 

We then have f l e £ S and P(Q £ ) > 1 — e/2 > 1 — e. Let S > 0. There exists 
n > 2 such that <5 > 2 _n £. We thus have, for any w S 0 £ and for any /.i G 2), 
fi u (K n ) > 1 — 2~ n e > 1 — S, which proves (jj). 

(iii)=>(iv) 

Assume (iii). Changing notations, let us denote by K n the compact subset 
U j<nKi/tj+\). The sequence ( K n ) ne n is increasing and there exists for each n G N 
a measurable subset S l n of St, with P(f2„) > 1 — l/(n + 1) such that, for each 
lo G Sl n and each /i £ 2), /x w (iif n ) > 1 — l/(n + 1). Let SI* = fl m6 N U„> m Sl n . 
Then SI* is measurable and P(f2*) = linim-nx, P(U n > m fl ra ) > linim—^ P(fl m ) = 1. 
Furthermore, let <5 > 0 and let oj G SI*. For each m G N, there exists an n > m 
such that to G Sl n , in particular one can choose n such that l/(n + 1) < S. We 
then have /J- u (K n ) > 1 — l/(n + 1) > 1 — S for each /j, G 2}. 
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(iv)=> (Hi) 

Let s > 0. For each n € N, set 
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= {weO;V^ 2) ^{Kn) > 1 - 6} 

and let f2„ j£ be a measurable subset of f 1* e such that P(fl nj£ ) > P*(fl* £ ) — l/(n + 
1). We assume w.l.g. that (fl„, £ )„ e N is increasing. For each u G f2*, there exists an 
?i£N such that lo G fl* £ . Thus P (U raS N^n,£) = 1, and, as the sequence (fln,e)ra6N 
is increasing, there exists an n G N such that P(fl„. £ ) > 1 — e. Then, we only need 
to take K e = I\ n . 



(iii)=>(v) 

For each integer n > 1, let K' n = K 3 -n. We may (and shall) assume that the 
sequence ( K' n ) n is increasing. For each n > 1, let 0' n be a measurable subset of 

0 such that P(fl'„) > 1 — and, for every u GUJ, and every (iG2), K ’ n ) > 

1 — 3 _n . Furthermore, we choose the sets fl' n such that the sequence (fi(J n >i is 
increasing. Define the inf-compact function h by h(t) = 2 n on K' n \ K' n _ 1 (with 
the convention K' 0 = 0) and h{t) = +oo on T \ U n >i K' n . We have 



/ sup / h(t) d^ u (t) d P(w) 

In J t 



= E / sup / h{t)d^ u (t)d P(w) 



= E T SUP E 2m+ V ( A m+1 \ dPM 

n>0 “^n+lWn m>0 



^E 



n>0 



sup 

^2)’ 



^0 <m<n 



2 m+ V (Al +1 \^C) 




(because, for w G \ 0! n and m > n + 1, we have ut G thus 
^{K' m+1 \K' m )< 3- m ) 



<E 3_ " 

n>0 




< 



E 3"” (2”+ 2 - 2) + E 3”" _1 

n>0 n>0 




m+1 



< + 00 . 
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(v)=>(iii) 

For each e > 0, there exists a real number M s > 0 such that 
P* < sup j h(t) dfiojit) > M e i < e. 

Us2)Jt J 

For each e > 0 and each u> G 12, let 

K e = {te T; h(t) < M e /e} . 

From inf-compactness of h, the set K e is compact. Moreover, 

P* {to G 12; V/x G 2) Hu,(K s ) > 1 - e} = P*{w G sup f 1 j\ Ke (t) dn u (t) < e} 

A»e 2) J T 

> P*{w G fl; sup / h{t) dn u (t) < eM e /e} 

Me?) J t 

> 1 - e. 

Assume now that T is Suslin. Clearly, (Hi) implies (Hi)* ■ To prove the converse 
implication, we use the same method as in Theorem 4.3.13. Assume that (Hi)* is 
satisfied. Let e > 0 and K G Af such that P* {a; G fl; V/.i G 2) ^t w (A"(w)) > 1 — e/2} 
> 1 — e/2. Define the compact subset H of T and O' G S as in the proof of Theorem 
4.3.13: We have P(D') > 1 — e/2 and A'(w) C H for every uj G ft'. This yields 

P* {w G n ; V/r G 2) Hu,(H)> 1-e} 

>P*{wG D'; V/r G 2) Hu(K(w)) > 1 — e} 

> P* {w G 12; V/z G 2) ^ w (A'(w)) > 1 — e} — e/2 

> 1 - e/2 - e/2 = 1 - e. 



(iiiT^(iii)** 

The implication (iii)** => (iii)* is clear. For the converse, assume (Hi)*. Let 
e > 0. For each integer n > 1, let K n be a random compact set and G 5 such 
that P(12„) > 1 — 1/n and, for each u> G 12„ and each /u G 2), li w (K n (w)) > 1 — e. 
Set flo = 0 and, for each n > 1, AT e (w) = K n (u) for w G 12 n \ 12 n _i (we define 
arbitrarily A' £ on the negligible set O \ U n r2„). ~ ] 

It is worth writing down Theorem 5.1.1 in the case of random elements of T. 
Note that the adaptation of Conditions (i), (ii) and (Hi) gives the single Condition 
(i’) below: This comes from the fact that, for Dirac measures, there is only one 
possible “rate” of tightness (see Remark and Definition 5.1.2). This Condition (i’) 
is in fact the condition originally given in [KZ94] by Kruk and Zi§ba to define strong 
tightness. Moreover, Condition (i ii’)* (adapted in (Hi’)**) has lost its parameter e 
and simply expresses the fact that all elements of 2) are selections of some random 
compact set. 
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Corollary 5.1.3 Let 2} C X. The following conditions are equivalent: 

(V) For each e > 0, there exists a compact subset K e of T such that 
P* {to G ft; \/X G 2) X(w) G K e } >l-e. 

(iv’) There exists a sequence ( K n ) ne ^ of compact subsets of T and a measurable 
subset ft* of ft, with P(ft*) = 1, such that, for each u> G LI* , there exists an 
n G N such that 

VX G 2) X(w) G K n . 

(v’) There exists an inf-compact function h : T — > [0, +oo] such that 

/ ( sup ho X) dP < +oo. 

J n \xe<p ) 

If T is Suslin, these conditions are equivalent to any one of the following two 
conditions: 

(in’)* For each e > 0, there exists a random compact set K e such that 

P* {w g ft; VX G 2) X(u) G K s (u)} > 1 - e. 

(in’)** There exists a random compact set K such that , for almost every oj G ft and 
for every 1 G 2J, X(u) G K(u>). 

5.2 Strong tightness of almost everywhere con- 
vergent sequences 

We start with some results for random elements, which generalize by new methods 
a result of Kruk and Zi§ba [KZ95] (see also [KZ96]). 

The idea of the proof of the following theorem is the same as in the proof of 
Theorem 4.3.13. 

Theorem 5.2.1 Assume that the space of countable compact subsets of T (with 
the Vietoris topology) is Radon (e.g. T is a regular Suslin Prohorov space, or a 
Lusin space with a cofinal sequence of compact subsets, see Theorem 4- 3-U [). Let 
be a sequence of random elements of T which almost everywhere converges 
to a random element X^. Then (X n ) n is strongly tight. 

Proof. For each oj G ft, let K(u) = {X n (w); t+NU {oo}}. Let G G Q. We have 
{u! G ft; K(u)) C G} = r+gNuioo} {ix> G ft; X n (u>) G G} G S 
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and 



{w € 12; K(uj) flG / 0} - UneNu-foo} { w € 12; X„(o>) G G} G 5. 

Thus the mapping K : 12 — * 1C is measurable. Let e > 0. As the space of countable 
compact subsets of T is Radon, there exists a compact subset J? € K, such that 

P {w G 12; K{u) G A} > 1 - e. 

Let H = U lgrL. We thus have 

P{wG12; K(cj) C H} > 1 — e. 

but, from a result of Michael ([Mic51], Theorem 2.5.2), the set H is compact. 

□ 

Corollary 5.2.2 Assume that T is Suslin regular Prohorov and let (/z ra ) nS N be 
a sequence of elements of Jb] is which almost everywhere converges to a Young 
measure /z°°. Then ( p n ) n is strongly tight. 

Proof. The space A4 +,1 (T) is Suslin regular and, from Wojcicka’s result [Woj87], 
it is Prohorov. Thus, from Theorem 5.2.1, (p n )nen is a strongly tight sequence in 
X (A4 +,1 (T)), that is, for each e > 0, there exists a compact subset R e of A4 +,1 (T) 
such that 

P {lo G 12; Vn gN /z” G A e } > 1 - e. 

But, as T is Prohorov, each & £ is tight, thus (^”) nS N is a strongly tight sequence 

in yL- □ 

Corollary 5.2.3 With the hypothesis and notations of Theorem 4-5.8, Conditions 
1 to 6 are equivalent to 

4'. For each sequence (p n ) n of elements of%), there exists a strongly tight se- 
quence ( v n ) n in y 1 such that, for every n G N, v n G co{/z m ; m > n}. 

Proof. From Corollary 5.2.2, we have 4 => 4'. But 4' => 5 is obvious, and 4 and 5 
are equivalent to 1, 2, 3 and 6. 

Remark 5.2.4 The Radon property is not necessary for results of the type of 
Theorem 5.2.1. For example, there exists a compact space which is not Radon 
(see [Sch73, page 45], for an example of Dieudonne). For such a space T, /C(T) 
cannot be Radon. But any sequence of random elements of T is obviously strongly 
tight. 

Let us give another example. Assume that T is a (non-necessarily submetriz- 
able) fc^-space and let (X n )„ £ N be a sequence of random elements of T which 
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almost everywhere converges to a random element X^. Then ( X n ) n is strongly 
tight. 

Indeed, let ( K m )me N be an increasing sequence of compact subsets of T which 
determines the topology of T. Let fli G S be an almost sure set on which (X n (co)) n 
converges to X^to). Let N = NU {oo}. For every to € f2i, the set Y(co) = 
{X n (uj); n G N U {oo}} is compact, thus it is contained in some K m . Set 

M(u>) = inf {m G N; Y(lj) c K m }. 

The function M has finite values onw G fix. Furthermore, we have, for every 
m G N, 



M 1 (m) = {w G H; Mn G N X„(w) G K m ) \ U k < m M 1 (k), 

Thus M is measurable. Let e > 0. We have C UAr 6 N{a; G f I; M(w) < N} , 
thus there exists N G N such that P {w G ft; M(u>) < N} > 1 — e. 




Chapter 6 



Young measures on Banach 
spaces. Applications 

6.1 Preliminaries, Biting Lemma and some basic 
results 

In this chapter, the probability space (fi, S, P) is assumed to be complete. We use 
the following notations: 

• E is a separable Banach space, E* is its dual, E^- is the vector space E 
equipped with the cr(E, E*) topology, E* is the vector space E* equipped 
with the cr(E*,E) topology. 

• For each x € E and each r > 0, the closed ball with center x and radius r is 
the closure of the open ball Br (0, r), so we shall denote it by B g(0, r). The 
closed unit ball of E is simply denoted by B g. 

• Recall that the convex hull of a subset A of E is denoted by co A. We shall 
denote by co^4 the closed convex hull of A. 

• Recall that Lg = Lg(fl,S, P) is the space of Bochner integrable mappings 
defined on (O, S, P) with values in E. The vector space X (E) will be denoted 
by Lg. 

• c/C(E) is the collection of nonempty convex compact subsets of E, 

cw/C(E) is the collection of nonempty convex weakly compact subsets of E, 

£cw/C(E) is the collection of nonempty closed convex locally weakly compact 
subsets of E containing no line [CV77, Theorem 1.14] (some authors say: 
linefree subsets), 
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7£cw/C(E) (resp. 7£cw/C(E)) is the collection of closed (resp. closed convex) 
convex subsets of E such that their intersection with any closed ball in E is 
weakly compact. 

• If ( x n ) n is a sequence which converges in E^- to an element x of E, we write 
x = w-limav 

If (C n ) n is a sequence of nonempty closed convex subsets of E, the weak 
sequential upper limit w-ls C n of ( C n ) n is the set of elements x of E such 
that there exist a subsequence ( C nj )j of ( C n ) n and, for each j, an element 
x nj of C nj such that x = w- liny,- x nj . 

• A sequence ( u n ) in Lg($7,5,P) is norm tight (resp. weakly strictly tight) if 
there is an inf-compact (resp. inf-weakly compact) function h : E — > [0, +oo] 
such that 

sup / h(u n (ui)) d P(w) < +oo. 

n J 

If (u n ) is norm tight (resp. weakly tight), then the sequence (<5 ) of Young 

measures associated with (u n ) is strictly tight (cf. Theorem 4.3.5) in the space 
3^ 1 (fl,5,P;E) (resp. A’ 1 (^, P; E CT )) of Young measures corresponding to E 
and E ct respectively. We w r ill consider also the space of Young measures 
y\n,S, P;E*). 

• A sequence (u n ) in Lg(P) is said weakly flexibly tight if (5 ) is flexibly 

tight in (V 1 (n,P;E (T ). This is equivalent to: For any e > 0, there exists a 
measurable multifunction F £ : Q — > cw/C(E) such that 

supP({w;it„(w) ^ r e (w}) < £ . 



A sequence (u n ) in Lg(P) is 1ZcwIC(E) -flexibly tight if the foregoing condition 
holds with T e valued in 7^cw/C(E). Note that if furthermore (u n ) is bounded 
in Lg, then it is weakly- flexibly tight. Indeed set Q' s := {w;u n (u) ^ r e (w)} 
and Cl" := {u>; ||u n (w)|| > ^ } where M := sup n ||u„|| L i. Then by Markov’s 
inequality P((f2 £ U fl") c ) < 2e and since T £ (w) fl B(0,M/e ) belongs to 
cw/C(E), we have proved that [7^cw/C(E)-flexibly tight and bounded in L^] 
imply weakly- flexibly tight. 

One can wonder if weakly flexibly tight implies weakly strictly tight. By 
(ii) of Theorem 4.3.14 this holds when E is reflexive but for E not reflexive 
neither part (i) of the same theorem nor parts A. 2 and B of Theorem 4.3.5 
apply since E CT is not Prohorov (see reference to Fernique [Fer94] above page 
90). 

• Taking up the definition of Section 4.5, we say that a sequence (u n ) in 
Lg(P) is weakly (resp. strongly) Mazur-compact if there is a sequence (v n ) 
with v n (u>) € co{u m (u>); m > n} such that (v n (u>)) converges weakly (resp. 
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strongly) a.e. to u(u>) where u is a function in L^(P). More generally, the 
sequence (u n ) is cw 1C (E) -Mazur-tight (resp. 7£cw/C(E) -Mazur-tight) if there 
is a sequence (v n ) with v n {u>) € co {u m (uj); m > n} such that (y n ) is cw/C(E)- 
tight (resp. 7^cw/C(E)-tight). These notions are useful in the study of weak 
compactness in Lg(P). We refer to [BC97, CG99] for a complete study of 
the Mazur-tightness properties in Lg(P). In particular, if E is reflexive, then 
any bounded sequence in L^(P) is strongly Mazur-compact. These tightness 
notions have been extended in [CSOO, page 51] to the space of convex weakly 
compact valued integrably bounded multifunctions. 

It is worth to compare some aspects of the preceding tightness notions with 
the ones developed for Young measures in the foregoing chapters. The two 
following results will precise these differences. 

Lemma 6.1.1 LetS be a topological Suslin space. LetlZ be a class of Borel subsets 

of S such that 0 € 1Z; A,B£lZ =>■ A U B £ 1Z. Let H be a subset o/Lg(12, S, P). 

Then the following are equivalent: 

(a) For any e > 0, there exists an IZ-valued measurable multifunction L e on 12 
such that 

Vu £ H P[{w € 0; u(u) fL L s (u>)}\ < e. 

( b ) There exists an S ® B%-measurable integrand (p : 12 x S — ► [0, +oo] such that 
for all to £ LI and all r £ [0, +oo[, {x £ S; <p(uj, x ) < r} £ 1Z and such that 

sup / <p(u), u(u>)) dP(u>) < +oo; 

J o 

(c) There exists an S (g) B§-measurable integrand ip : 12 x S — > [0, +oo] such that 
for all uj £ LI and all r £ [0, +oo[, {x £ S; ip(co, x) < r} £ 7Z and such that 

lim sup P[{w £ 12; ip(ui,u(u!)) > A}] = 0. 

A— >+oo u£Tl 



Proof, (a) ==> (b). Let e v = 3 p (p £ N). By (a) there exists a 7?.-valued 
measurable multifunction L p : 12 — > S such that 

Vu £H P[{w £ 12; u(u>) ^ L p (u/)}] < e p . 

Let us consider the Sg-valued multifunctions K n : 12 — > S (n £ N U {oo}) given 
by 

Via £ 12 Vn > 1 K 0 (co) = L 0 (u), K n (u>) = L n {u) \ K n _i{u) 



#«,(“>) = S \ U K n {w) = S \ |J L„(w). 

raSN nSN 



and 
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Then it is obvious that each I\ n (n G N U {oo}) is measurable and the sequence 
(gph (K n )) neNutoo} is an S 0 B§-measurable partition of fl x S. Set 



tp{oj,x) = 



2” if (u), x) G gph (K n ) , n G N, 
+oo if (u, x ) G gph (Kao) ■ 



We claim that ip is an S 0 B§-measurable integrand which satisfies condition ( b ) . 
Indeed, let r > 0. If r < 1, {x G S; <p(u>,x) < r} is empty; if r > 1, let m be the 
unique integer such that m < log r/ log 2 < m + 1. Then 



{(w,i)g!1xS; p(iv, x) < r} = [J gph (K n ) G S 0 B§. 

n — 0 

Similarly for all u> G fi, we have 

m m 

{x G S; ip(ui,x) < r} = y K n (w) = (J L n (u) G 7 Z. 



n—0 



n—0 



It remains to check that sup ugW fn +(+, U ( UJ )) d P( w ) < +oo. 

For each u G H and each n G N U {oo}, set 

12“ = {lo G 12; u(u) G K n (ui)}. 

Then (f2“) ne N U / 00 \ is an 5-measurable partition of 12 with P(f2“) < e n _i for every 
n > 1 and P(I2^ 0 ) = 0. Consequently we have 

p OO p OO 

/ ip(u,u(u))d P(u) = J2 ^(w+(w))rfP(w) = ^2 n P(f2“) 

^ n — o J *-> — n 



n — 0 






thus proving the implication (a) =>■ ( b ). 

(b) => (c) follows immediately from Markov’s inequality. 

Let us prove the implication (c) (a). For every e > 0, there exists A e > 0 

such that sup ueW P[{<u G 12; <p(lo,u(uj)) > A e }] < e. Since ip is S 0 B§-measurable, 
the multifunction L e (u>) := {x G S; (p(w,x) < A e }, Vw G 12, is measurable and 
takes its values in 1Z by (c). As 

Vu G H , P[{w G 12; u(u>) L e (u)}\ = P[{w G 12; ip(u>, u(u>)) > A e }] < e, 

(c) => (a) follows. 

References: [ACV92, Theoreme E page 175], [Jaw84, Proposition 2.2 page 13.17], 
[BC97, Lemma 2.5]. The above proof is borrowed from [BC97]. 
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Let (u n ) be a sequence in Lg(f2, S, P). It turns out that the following condition: 

There exists a measurable integrand <p : 0 x E — > [0, +oo] satisfying 
( 6 . 1 . 1 ) 

j \/lo € Ll Vr € [0, +oo[ {x € E; tp(u>,x) < r} € cw/C(E) (resp. 7£cw/C(E)), 
|sup n / 0 ^(w,M„(w))dP(w) < + 00 , 

implies the weak flexible tightness (resp. 7£cw/C(E)-flexible tightness) condition, 
whereas the last tightness condition implies Condition (6.1.1) provided some ad- 
ditional assumption. 

The following result focuses the difference between tightness condition for 
Young measures and the one given for sequences in L^. Indeed it is known that the 
parametric Prohorov tightness condition for a sequence (A™) of Young measures 
on II x S, § being a completely regular Suslin space: For every e > 0 there exists 
a compact-valued measurable multifunction T e : LI — > /C(§) such that 



sup/ A"(S \ T e (w))dP(w) < e 

n Jn 



is equivalent to the existence of a nonnegative measurable integrand h defined on 
LI x S which is inf-compact in s € S such that 



sup / [ h{uj, x) <2A"(s)] dP(u>) < +oo. 

n Jn 



Set ip(ui, v) = f g h(ui, s) dis(s) for (w, v) € 0 x Af +,1 (§), then the preceding condi- 
tion is written as 



sup / <p(u), A") dP(tu) < +oo. 
n Jn 



Since ip(ui, v) is convex (even affine) in the second variable, one could think that 
the cw/C(E)-tightness for a sequence (u n ) in Lg(P) is equivalent to: 

There is a measurable integrand ip : II x E — > [0, +oo] which is convex and inf- 
weakly compact in x such that 



sup / (p(u), u n {u)) dP{ui) < +oo. 
n Jn 



An example [Saa98, Proposition p. 1 15] due to the third author shows that this 
equivalence fails. In the following lemma P = dt is the Lebesgue measure on [0, 1]. 
Recall the James (or James-Pryce) Theorem: If E is a Banach space and C is a 
er(E, E*)— closed subset of E, then E is cr(E, E*)-compact if and only if, for every 
x' € E*, the exists x £ C such that (x',x) = ma x ye c (%' ,y)- This result was 
proved by James [Jam64] and extended by Pryce [Pry66] to locally convex spaces 
with a simpler proof. 
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Lemma 6.1.2 Let E be a non reflexive Banach space. Then there exists a bounded 
set TL C Lg([0, 1], dt) which is norm-tight and such that there exists no measurable 
integrand ip : [0,1] xE-* [0, +oo] which is convex and inf-weakly compact in x 
and which satisfies 

sup / ip(t, u(t)) dt < +oo. 
mGW 7 [0,1] 

Proof. Firstly by James’ theorem, E contains a bounded sequence (e n ) which 
does not admit any weakly convergent subsequence. Indeed there exists x' G E* 
which does not achieve its supremum on B e- Let (e„) be a maximizing sequence. 
It has not any weakly convergent subsequence. We may suppose without loss of 
generality that Vn, ||e n || = 1, hence m ^ n ==> me„ ^ ne n ^ 0. 

Let us consider Ti := {ne n 1 a', n G N*,P(Gl) = l/n}U{0}. Then TL is bounded 
in Lg. Let ho be defined by ho(0) = 0, ho(ne n ) = n for n > 1 and ho(x) = +oo 
elsewhere. Thus ho is inf-strongly compact and satisfies 

sup / (ho o u)(t) dt < 1, 
uen 7[o,i] 



hence Ti is norm-tight. 

Now suppose that there exists some convex inf-weakly compact integrand h : 
[0, 1] x E — > [0, +oo] satisfying 

(6.1.2) sup I h(t, u(t)) dt < +oo. 

uen 7[o,i] 

Then h(t, e n ) — > +oo because otherwise there would exist M < +oo and a subse- 
quence (e nk )k such that sup fc h(io,e nk ) < M and the sequence (e nk )k would admit 
a weakly convergent further subsequence. For u n := ne n lA n G TL, we have 




h(t, u n (t)) dt > 




h(t, ne n ) dt. 



It is possible to choose A n such that f^ Q1 ^h(t,u n (t))dt — > + 00 . Indeed, since 

0 G TL, one has h(t, 0) < +00 a.e. By convexity h(t,ne n ) > n[h(t,e n ) — (1 — 

1 /n)h(t, 0)] > n[h(t, e n ) — h(t, 0)]. Then by Egorov’s theorem, there exists a Borel 

subset B of [0,1] such that P(B) > 1/2 and such that the sequence ( h(.,e n ) — 
h(., 0)) n converges uniformly to +00 on B. It remains to choose, for n > 2, A n 
contained in B, to obtain a contradiction with (6.1.2). I— ] 

Recall that a sequence (u n ) in L^(fl, S , P) Komlos converges to Uoo G Lg(f2, S, P), 
if, for any subsequence (v n ) of (u n ), one has 



lim — Vj(u>) = Uodio) a.e. 

KYI 71 f ^ J 



n — >oc TI 



3 = 1 
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The space Lg(f2, S, P) has the strong Komlos property if, for any bounded sequence 
(u n ) in Ljk(fl,«S, P), there is ttoo € Lg(fi, 5, P), such that some subsequence of 
(u n ) Komlos converges to u oo- Recall that the Komlos Theorem [Kom67] states 
that L§(fi,«S, P) has the strong Komlos property. This theorem also holds for 
Ljjj (f2, S, P) when E is super-reflexive, or more generally when E is B-convex reflex- 
ive, see ([Gar79, Bou79]). An elementary proof of Komlos theorem in Lg(f2, <S, P) 
where E is a Hilbert space is given by [Gue97]. 

We recall the Biting Lemma. Here we follow the proof given by Slaby [Sla85] 
reproduced in [Egg84, VIII. 1.17 pp. 303-305] and [Val90b, Theorem 23 pp.173- 
174] 1 . For further reference, see Kadec-Pelzynski [KP62], Gaposkin [Gap72]. See 
also the proof given by H.P. Rosenthal [Ros79] reproduced in [CM97, Lemma 2.1.3 
pp. 54-56]. 

The modulus of uniform integrability of H.P. Rosenthal, rj((u n )), of the sequence 
(u n )n in Le(H, 5,P), is 



f?((« 7 »)) := lim [sup{ f ||u n (w)|| dP(w); n e N, P(A) < e}]. 
%>o •* A 



The sequence ( u n ) n is uniformly integrable iff p((u n )) = 0. 



Lemma 6.1.3 Let («„)„ be a bounded sequence in L^(fi, <S, P). Then 

V({u n )) = lim [sup/ ||u n (w)|| dP(w)l. 

t_> + 00 neN j{||u„(.)||>t} 

Proof. The two limits are nonincreasing limits, hence infima. Let us denote rji the 
modulus of the statement and M := sup„ ||u n || L i. Here ||u„|| denotes the scalar 
function ||u n (.)||. By definition of r)\, for all 6 > 0 one has 



Vt 3 n 



/ {ll«n(.)||>t} 



d P > 771 



-S. 



Let £ > 0. There exists t large enough such that 



M 

t 



is < e. Then if n corresponds 



to such a t, A := {||it ra (.)|| > t,} satisfies P(A) < e and f A ||u„|| d P > r]i — S. Hence 
7 l(( u n)) > Vi ~ an d this holds for all S > 0, so r/((u n )) > rj\. 

Let us prove the converse inequality. Let t > 0 and S > 0 be given. Take £ > 0 
small enough such that te < 8. By definition of T]((u n )) there exist A and n such 



1 The statements and proofs of Lemma 6.1.3 and Theorem 6.1.4 reproduce corresponding parts 
of [SV95c]. 
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that P(H) < £ and f A ||u n || d P > rj((u n )) — S. Then 

[ \\ Un \\dP= [ ||u„||dP- [ ||u„|| dP + [ ||wn|| dP 

J{\\u n \\>t} Ja JAn{||u„|]<t} J{||u n ||>t}\^ 

> [ ||w„|| dP- [ IKII dP 

JA J An{ \\u n || <t} 

> (v((Un)) - S)-t£ 

> r)((u n )) - 2 6. 

So one has r]i > r/((u n )) — 2 6 for all <5 > 0, hence 77 1 > rj((u n )). r j 

The expression of r]((u n )) given in Lemma 6.1.3 is used in Slaby’s proof of the 
Biting Lennna. We reproduce this proof here in order to introduce its notations. 
In the sequel, UI abbreviates “uniformly integrable” . 



Theorem 6.1.4 (Biting Lemma) Let E be a separable Banach space and let 
(« n )»eN be a bounded sequence in Lj^(£T, «S, P). There exist a subsequence (u nic )ke n 
and a sequence (B p ) p& ^ in S decreasing to 0 such that the sequence ( 1 b? u nk )ken 
is UI. 



Proof. Denote, for teN, 



9i(t) := sup / ll^nMIl dP{u). 

n>i J {\\u n (-)\\>t} 

The functions c/,; are nonincreasing with values in [0, + 00 [. Hence, lim t—> +00 gi(t) 
exists. By Lennna 6.1.3, rj{(u n )) = lim t ^ +00 go (t) . There exists a sequence in- 
creasing to + 00 , {tq) q > 1 such that for every q, go(t q ) < r]((u n )) + -. Since for each 
i, {uo, . . . , Ui-i} is UI, it is easy to check that lim t ^ +(X) gjt) = i]((u n )). Hence 
for every i and for every t, gi{t) > rj((u n )), so there exists an increasing sequence 
( m q ) q such that 

(6.1.3) f \\u mq (uj)\\dP(uj)>r]{(u n ))--. 

J {\\um q G\\>tA q 

Let A p = {||u mp (.)|| > t p }. Then t p P(H p ) < sup„ eN ||u„|| L i implies P(H p ) -> 0. 
Now we show that ( u mg ) qe ^ is UI. Let 

g(t) := sup / ||w m ,M|| d P(w). 

geNJ^n{||« m<! (.)||M} 
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We have to prove that g(t) — > 0 when t — > +oo. One has 



g{tj) = sup / ||Wm a M|| rfP(w) 

q>j •! {L<\\u mq {-)\\ <*,} 



= sup 



J {\\ u m q (.)\\>tj} 

r 

9o{tj) - 



\u m (u>)\\dP(u>) - 



< sup 
q>3 L 



(-)ll >^ql 



I Um q M|| dPMl 



||«m 5 MII dP(tAj) 



< sup[(??((u„)) + v) - OHM)) ^ -)] 

q>3 J Q 

2 

< - . 

3 



This proves: t — * +oo => g(t) — > 0. It remains to replace ( A p ) p by a sequence 
decreasing to 0 (or to a negligible set). There exists an increasing sequence (lk)k 
such that P(A/ fe ) < 2 _fc . Then B p := U k> P Ai k decreases to a negligible set. The 
subsequence u nk := u mik (or u m(i } ) has the required properties. The uniform 
integrability of (1 u nk )ke n follows from the inclusion C A f . | 

Remark. It is worth to mention that the sequence ( 1 s k ||wn fc (-)ll) converges to 0 

a.e. 



Taking the Biting Lemma into account, we say that a bounded sequence 
(un)ngN dr L^(f2, <S, P) has a subsequence which weakly biting converges to a func- 
tion u € Lg(f2, 5, P) if there exist an increasing sequence (A q ) 9 eN in S with 
lim g P(q4 9 ) = 1 and a subsequence (u' q ) of (u n ) such that (1 A q u' q ) weakly con- 
verges to u. 

Remark 6.1.5 If E is reflexive, then any bounded sequence in Lg(f2, S, P) weakly 
biting converges because any uniformly integrable sequence in Lg(f2, <S, P) is rela- 
tively sequentially weakly compact. 

In this vein the following lemma can be considered as a substitute of the Bit- 
ing Lemma. These two results are useful in the study of bounded sequences in 
Lg(f2 ;l S,P). If (/„) is a sequence in Lg(fi,«S, P), if IV g N, we denote by ( fff) n 
the truncated sequence associated with (/„) and N, where fff := l{||/„|l<JV}/n- 

Lemma 6.1.6 Let (/„) be a bounded sequence in Lg(f2,<S,P). Then there exists 
a subsequence ( g n ) of (f n ) such that for each subsequence (h n ) of ( g n ) 

(a) the sequence ( ^{\\hn\\<n}h n ) is uniformly integrable; 

(b) the sequence (h n — l{||/i n ||<n}M) converges strongly a.e. to 0 in E. 



Proof. Put M = sup n 1 1 f n ||i. For each integer k > 1 the real valued sequence 

(P({fc- 1 < \\fn\\<k})) n 
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is bounded. Then there exist subsequences (/*), (/ 2 ), ..., {fh), ■■■ of (/„), where 
( fn +1 ) is a subsequence of {fh), and a sequence (pk)k in [0, 1] such that 

(6.1.4) \/k > 1 limP({fc - 1 < \\fh\\ < k})=p k 

n 

and 

(6.1.5) Vfc > 1 Vn > 1 P({fc-1< ||/i|| <fc}) <Pk + ^- 

Indeed we can extract from (/„)„ a subsequence {fo, n )n satisfying (6.1.4) for k = 1. 
Since P({0 < || /□ ^ || < 1}) — » p\, there exists no such that 

Vn > n 0 P({0<||/ o 1 ,J|<l})<Pi + l. 

So it suffices to set fh = fo n +n 0 -i i n 01 'der to have (6.1.5) for all n. Suppose that 
{ft 1 ) has been obtained, then using the similar arguments we can construct from 
{ft 1 ) a subsequence (/„) with the required properties. 

Put <j n = /” and let {h n ) be a subsequence of {g n )- Then 

(6.1.6) Vfc > 1 limP({fc — 1 < ||/i„|| < k}) = p k , 

n 

and 

(6.1.7) VraeN Vfce [l,n 2 ] P{{k - 1 < \\h n \\ < k}) < p k + ^ . 

k 15 

We only need to check (6.1.7). Since {h n ) is extracted from {g n ) n = {f% 2 )n, each 
h n is of the form h n = f™ with m > n. Let k € N be fixed. Let us notice 
that (/™ ) n is a subsequence of (/*)„ when m 2 > k. So let us suppose that 
n > y/k. Then m 2 > k, and so is a term /* of {fh) n with l > m, hence 
by (6.1.5) and what has been said we deduce (6.1.7). In this part of proof the 
symbol {f„)n has been used for notational convenience and there was no risk of 
confusion with the truncated sequences {fn) n ( N € N) above mentioned. We 
have J2 k =iPk = hm. n P({* - 1 < IIMI < k }) < P(^), ancl J2k= i( k ~ 
T)p k = lim„ J2 k =i( k - l)P({fc- 1 < \\h„\\ < k}) < M. Then Y k =iPk < 1 and 

Et^{ k - 1 )Pk < M. 

We are now ready to obtain (a) and (b). 

(a) Let £ > 0. As Yh t=i k P k converges, so is EfcE k {Pk + 73); hence there 

rC 

exists an integer N G> 1 such that 

5Z + p ) < £ - 

k>N 
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If n £ {1, ..,N}, then (now the superscript n means truncation) ||/i((|| < n < N, 
so { 1 1 h ™ 1 1 > N} = 0. If n > N, then 

{\k\\>n}= y {k-i<\\K\\<k}, 

N -\-l<k<n 

and by (6.1.7) 






\K\\dP< 



E fc (p* + h )<£ 

N+l<k<n 



so (hlff) is uniformly integrable. 
(b) We have by (6.1.7) 



P({|IM>«})= E mk-l<\\hn\\<k})+P({\\h n \\>n 2 }) 

k=n + 1 

< E + p) + ^2 HMl 

k=n -\- 1 



- s 

k>n -\- 1 



M 



n 



2 ' 



Hence by summing we get 



£p({|IM >>«})<£[ £ ptUPDA] 

n> 1 n> 1 k>n -\- 1 

= E( fc - ^ + E 2 < +00 ‘ 

k~>2 n> 1 

Then (b) follows from Borel-Cantelli Lemma. j 



Reference: [CG99, Lemma 4.1], 

We recall now a famous result due to Talagrancl [Tal84]. 

Theorem 6.1.7 (Talagrand) Let ( u n ) be a bounded sequence in Lg(P). Then 
there exists a sequence ( u n ) with u n £ co{u m ; m > n} and two sets A and B in S 
with P(4 U B) = 1 such that 

(a) for each u> in A, the sequence (u n (u>)) is weakly Cauchy, 

( b ) for each co in B, there exists some integer k such that the sequence {u n (co)) n >k 
is equivalent to the vector unit basis of l 1 . 
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Analogous results in Lg(f2,<S,P) are in [BC97]. See also [BC01] dealing with 
the space Lg, [E](f2, S, P). 

Here we present some structure-type theorems for two classes of bounded se- 
quences in Le(H,5,P). 

The following theorem gives a characterization of the Mazur-tightness property 
for bounded subsets in Le(H,5,P). 

Theorem 6.1.8 Let TL a bounded subset o/ Lg(fi, <S>, P). Then the following are 
equivalent: 

(1) Given any sequence (/„) inTL, there exists a sequence ( g n ) with g n € co{/fc; k > 
n} such that ( g n ) strongly converges a.e. in E, shortly (/„) is strongly Mazur- 
compact. 

(2) Given any sequence ( f n ) in EL, there exists a sequence (g n ) with g n £ co{fk ; k > 
n} such that ( g n ) weakly converges a.e. in E, shortly ( f n ) is weakly Mazur- 
compact. 

(3) Given any sequence (/„) in TL, there exists a subsequence ( g n ) of (/„) such 
that ( l{||/i„||<n}^ra) is cr( L^L 00 ) relatively compact for each subsequence (h n ) 
Of (9n)- 

(4) Given any sequence (/„) in TL, there exists a subsequence ( g n ) of (/„) such 
that ( l{|| 9 „||<n}ffn) is o'(L 1 ,L 00 ) relatively compact. 

(5) Given any sequence (/„) in TL, there exists a subsequence (f nk ) of ( f n ) such 

that || <n k }fn k ) converges a (L 1 , L°°). Consequently the sequence (/* ) = 

( l{|| /n l|< fc }/nj converges a (L 1 , L°°) too. 

(6) Given any sequence (/„) in TL, there exists a subsequence (f nk ) of ( f n ) such 
that fn k = u nk +v nk , where (u nk ) converges a(lr,L°°) and (v nk ) converges 
a.e. to 0. 

Proof. 

(1) =>(2) is clear. 

(2) =>(3). Let (/„) be a sequence in TL. By Lemma 6.1.6 (a) there is a 
subsequence (g n ) of (/„) such that ( ^{\\h n \\<n}hn) is uniformly integrable, for each 
subsequence (h n ) of (g n ). If ( i{\\h np \\<n p }K p ) is a subsequence of ( i{\\h n \\<n}K) 
there is, by (2), a sequence (u p ) with u p £ co{h nk , k > p} such that (u p ) weakly 
converges a.e. in E. We have 

A fcp fcp 

u p = 'y ' Kh ni = y ] Xi l{||/i„ 4 1| <ni}k ni + y ' Af ( h ni — ^.{\\h ni ||<nj)A«t) 
i=p i—p i—p 
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with 0 < < 1 and Yli= p Af = 1. By Lemma 6.1.6 (b), we have 

kp 

y ] •M’ ~ ^{||ftnj|<rat}^«t) 

i=p 

a.e. as p — > oo. Hence Yhi= P K ^{\\h n \\<ni}hn,i weakly converges a.e. as p — -> oo. 
By the Ulger-Diestel- Ruess-Schachermayer theorem [Ulg91, DRS93], we conclude 
that ( l{||/ tn |i < „}/i„) is ct(L 1 ,L°°) relatively compact. 

(3) ==> (4) is obvious. 

Let us prove that (4)=>(5). By the Eberlein -Smulian theorem there is a 
subsequence ( fn k )k of (/„) such that (/"*)* converges cr(L 1 ,L°°) and so is the 
sequence ( f„ k )k ■ Indeed we have 

fnt — fn k = ^{k<\\U k \\<n k }fn k = ^{k<\\f"£\\}fn k - 

Since ( /"£ )fc is uniformly integrable, /£* — — ► 0 strongly in Lg(P) as k — > oo. 

It follows that (fn k )k converges ij(L 1 ,L <x> ). 

(5) =t>(6). Let (/„) be a seciuence in TL. By (5) there exists a subsequence 
(/nj of (/„) such that (/££)*, converges ^(L 1 , L°°) in Lg(P). Put u nk = f%£ and 
v Uk = fn k ~ Un k - Then (5)=>(6) follows immediately. 

(6) =t>(l). Let us apply the notations in (5). Since (u nk ) converges a(L l ,L°°) 
in Ljk(P), there is a sequence (u m ) of the form u m = Y^i= m ^T u ni with A™ > 
0, Y^i= m ^T = I suc h that (um) converges strongly in Lg(P). There is a subse- 
quence (u m ) which strongly converges a.e. in E and so is (J2i=m fm) P ■ 

□ 



Reference: [CG99, Theorem 6.1]. 

In particular, if E is reflexive, any bounded sequence in Lg(f2, S, P) is strongly 
Mazur-compact. See [BCG99a, Proposition 6.7] for details. To finish this section 
we give another structure theorem for bounded norm tight (flexibly and strictly 
are equivalent, cf. Theorem 4.3.14 (i))) sequences in L^(fl, S, P). 

We use the following definitions 2 : 

Let u n (neNLI {+oo}) be functions in Lg(fi,5, P). One says that u n converges 
purely weakly to Uoo onW € § if the restrictions u n \ w converge weakly to u 0 0 1 w 
and, for any non negligible measurable subset A of W , not any subsequence of 
K U)n converges strongly to u^Ia- 

Remark It is equivalent to say: No subsequence of (u n \ a)u converges in measure 
(to any function). For more about convergence in measure, see [SV95a, SV95b] 

2 The next Theorems 6.1.9 and 6.1.11 are straightforward extensions to Banach space of cor- 
responding theorems of [SV95c]. Example 6.1.13 also comes from this paper. 
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where compactness in measure with applications to Lg is characterized in the line 
of an old criterion of Frechet. 

For clarity we give first the simplified version of the general result (Theo- 
rem 6.1.11) in the case when the sequence is UI. All assertions are consequences 
of the Prohorov theorem (Theorem 4.3.5), of the fact that convergence in mea- 
sure coincide with the topology induced by the stable one (cf. Theorem 3.1.2) and 
of the ’’characterizing continuity property” extended to Caratheodory integrands 
with linear growth. 

Theorem 6.1.9 Let ( u n ) n be a sequence in Lg(fb<S, P) which is uniformly inte- 
grable and tight relatively to the norm of E ( again note that flexibly and strictly 
are equivalent). There exist a subsequence ( u' n ) n , a function £ Lg(fl,<S,P) and 
M £ S satisfying : 

1) lb) u' n converges weakly to Uoo, 

lc) The restrictions u' n \M converge strongly and in measure to Uoo\m- 

l d) The restrictions u(Jm c converge purely weakly to itoo|M c - 

2) There exists a Young measure t, such that 

M c = {uj £ £1; f ||£ - Uoo Mil dr u (f) > 0} 

J E 

and such that for w £ M , t u = S Uoo ( u ) an d, for any Caratheodory integrand ip 
with linear growth (i.e. \ip(ui,tf)\ < a(u>) + K |£|, where a £ L 1 ) 

(6.1.8) [ ip(u,u' n (u))dP(uj) — > f ipdr. 

J&, iOx E 

In particular for any u £ Lg(f2,<S, P), || u! n — u||li converges to 

[ 11^ - u ( w )ll dr(u, £) + || t M (uoo - u)|| L i. 

JM'x e 



Remark 6.1.10 1) We will not give the proof since the statement, except (6.1.8), 
is a particular case of Theorem 6.1.11. First versions of this statement appear 
in [Val90b, Theorem 19 page 169] and [Val94, Theorem 9]. The novelty is the 
introduction of the partition ( M,M C ). 

2) The norm \\u' n — u|| L i equals /qxeV’ dS u , , where ip is the integrand ip(u,f) := 
||£ — u(w)||. This is a Caratheodory integrand with linear growth (for some appli- 
cations of these integrands see [PV95]). 



3 Here la) of Theorem 6.1.11 is useless. 
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Theorem 6.1.11 Let ( u n ) n be a sequence in Lj.(12,«S, P) which is bounded and 
tight relatively to the norm of E f again note that flexibly and strictly are equiva- 
lent). There exist a subsequence (■ u' n ) n , a function Uao £ Lg(12, <S, P), a sequence 
( Bp) p in S which decreases to 0 (if (u n ) n is UI, one may take B p = 0 for every p) 
and M £ S satisfying 

!) la) ( t B c u' n ) n is UI, 

lb) for every p, the restrictions u' u \b^ converge weakly to MooIbj > 

lc) the restrictions u' u \m converge in measure to u oc \m and for every p, the 
restrictions u' n |(m\b p ) converge strongly to Moo|(a i\b p ), 

l d) for any non negligible contained inW := 12 \ M, no subsequence of 

(w)iU)n converges in measure to itooU ( nor t° an V other function), 

le) for any subsequence {u'fl) n of (u' n ) n , p ((«")„) = p((u n ) n ). 

2) There exists a Young measure r whose disintegration is a family of first order 
probabilities on E, (r w ) a , e o, such that t u is carried by the set ls(u n (u>)) of limit 
points of the sequence (u n (oj)) n , such that for u £ W, is not a Dirac mass 
and bar(r w ) = Uoo(u) (where bar(r w ) denotes the barycenter of the measure 
t u ) such that for to £ M, t u = 8 Uoo ( w ) and such that, for any u £ Lg(12, S, P), 
|| u' n — wIIl 1 converges to 



V ((u n ) n )+ - u(w)| dr(a;,0 

*/f 2xE 

= v(( u n)n) + [ |£ ~ u(w) I dr (a;, £) + || 1 m ( 

JWx E 



^oo ^ / T , 1 • 



Moreover for any bounded Caratheodory integrand ip 



ip(w,u n (uj)) d P(w) 



ip dr. 



/Qx E 



Remark 6.1.12 Assertion le) means that, for the subsequence (u' n ) n , the con- 
centration of mass (non null iff p((u n ) n ) is > 0) equals the maximum of mass 
concentrations among all the subsequences of ( u n ) n . As a preliminary but less 
precise result in this line recall: If (u n ) n converges weakly (hence is UI) and does 
not converge strongly, there exists a subsequence whose associated Young mea- 
sures converge to a Young measure r which is not associated with a function 
[Val94, Theorem 20 page 169], [Val94, Theorem 9]. 

Example 6.1.13 Here is an example where B p necessarily bites both M and W. 
Moreover this example illustrates the general situation. Let LI = [0, l] 2 with P as 
the Lebesgue measure on 12, E = K and 

u n (x,y) = n l[ 0 ,i](aO+ l [0 ,i](2/) sin (nx). 
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Then = 0, W = [0,1] x [0, |] and 4 M = [0, 1] x ]|,l]. Roughly speaking, 
mass concentration appears around {0} x [0,1]. In any way the B p are chosen, 
they meet M and W: Since ( \ B % Un k )k is UI, |j l[o,i/n fc ]x[o,i] ^b% u„J| l i tends to 
0 when k — * +oo, hence 



[0,1/rifc] x [0,1] 



l B % (x, y) [rife + (y) sin (n fe a;)] dx dy — > 0. 



Thus life P (B% n ([0, 1/rifc] x [0, 1])) — > 0 which is equivalent to 



PQBfe n ([0, 1/nfc] x [0,1])) 

P([0, 1/rife] x [0, 1]) ■ 

Consequently 

p (B k nw) p (B k nM) 

P( [0, 1/rife] x [0, 1/2]) ana P([0, 1/rife] x ]l/2, 1]) ' 

Hence B k covers a big part of W fl ([0, 1/rife] x [0,1]) and a big part of M n 
([0, 1/rife] x [0,1]). 

Note that sin (ny) in place of sin(n:r) would give the same W and r despite 
the change of directions of the “waves.” When fl is an open subset of there 
exist more powerful tools than Young measures: see G. Allaire [A1192], L. Tartar 
[Tar90], and J.J. Alibert and G. Bouchitte [AB97]. 



Proof of Theorem 6.1.11. 1) Let ( B p ). p denote the sequence of the proof of the 
Biting Lemma and (u' n ) n the subsequence denoted by {u ni .) k in that proof. Let 
(u")„ be a further subsequence. A priori y ((u")) < y ((u n ) n ). Using the notations 
of the proof of Theorem 6.1.4, u" is some u mq . For all t, there exists q large enough 
such that t q > t and such that the function u mq is some u". By (6.1.3) y{{u n ) n ) 
is approximated with a gap less than l/q by 



NIL 



ll>M 



K»||dPM 



hence a fortiori by 

/ KMHdPM. 

This proves y («)) = y{{u n ) n ). 

2) Since ( u n ) n is tight, thanks to the Prohorov theorem, one may assume that 
the Young measures 6 u i converge to a Young measure r. Thanks to Proposition 
2 . 1 . 12 , 



(6.1.9) [ ||£||dT(w,0 < sup||u n || L i. 

JflxE n 

4 One can check (see [Val94, Theorem 4]) that for (x,y) G W , is the probability on R 

with the density £ i— » (7r y/l — ) 1 on ] — 1, 1[. 
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Thus, for P-almost every u>, t u lias a barycenter bar(r a ,) and, setting u 00 (a)) := 
bar (r w ), one gets the integrable function u 0 0 - Moreover is carried by ls(u„(w)) 
(see Theorem 4.3.12 or [Val90b, Proposition 5 page 159]). 

For fixed z £ Lj^ and p, since u' n \B = is UI, /z, ?4 Jbc\ — > /, z,Uoo\b Indeed 



lim /"(2(o;),[<|B=]M)dPM = [ t B c(u))(z(aj),£)dT°°(u),C) 

n->+°° Jn p J OxE p 

= li 1 b p^( Z ^’ 

= / ls-(w)(^(w),Moo(w)) dP(w). 

Jn 

For a reference see [Val90b, Theorem 19 page 169]; see also the proof of Theorem 9 
in [Val94]. The set W of all a> where is not a Dirac mass, is 

W = {w £ LI; f |£ - Uoo(w)| dT u (€) > 0}. 

Jk 

By the Fubini theorem it is measurable. Let M := 0 \ W. Note that P-almost 
everywhere on M, = S u / u ). By Part 3 of Theorem 3.1.2, u' u \m — > Wool m 
in measure and, for any non negligible A contained in W, not any subsequence 
of (u' n ) n converges in measure on A. Thanks to UI and to the Lebesgue-Vitali 
theorem, strong convergence holds on M \ B p . 

3) Let u £ L^(fi,S,P) and e > 0. Thanks to (6.1.9), for p large enough one 
has 




wM|| dr(w,£) < 



ll£ll dT(uj,Z) 



|u(w)|| dr(u;,£) 



/Br,X E 



lB v x E 



ll£ll dT(u,£) 



|u(o>)|| dP(u>) 



/B.xE 




On BpX E the integrand ^ defined by ip(aj, £) := ||£ — u(a>) || is Caratheodory with 
linear growth and the u' n are UI on B p , so by Theorem 2.4.1, 



Ibs (Wn-w)llL 1 



converges as n — » +00 to 




“Mil dS K (a), 0 




ll£ — w(w)|| dr(w,£). 



Hence, p being fixed, for n large enough, 




/ K 



u(w)|| dr(w,£) 
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As for || t Bp {u' n — it) H l 1 , firstly, if p is large enough, 

1 1! 1b p « - «)I| L 1 - II iBpU'n II l 1 I < II Iflp w||li < | • 

It remains to show that, for n large enough, one has 

III -77((ti n ) n )| < -. 

Recall (see the notations of the proof of Theorem 6.1.4) that B p = Ai U A; p+1 U . . . 
and that, from (6.1.3), 




(w)||dP(w) > T]{{u n ) n ) 



1 

h' 



hence 

Vfc > p [ \\u mi (u >) || dP(w) >v((u n ) n )~ y~ • 

If p has been chosen such that l p > 4/e, then, for n large enough, || t Bp u ' n \\ L i > 
£ 

V {(u n ) n ) ~ g • Finally, setting 



v({ V* n)ni 8) := sup| J IKMH dP(u>); n € N, p{A) < 



one has, as soon as P (B p ) < 8, 



sup / |K|| dp, < f?((u„)„;£). 

n J Bp 

Consequently, if one has chosen 8 small enough such that rj({u n ) n ; <5) < r]({u n ) n ) + 
£ 

- and then p large enough such that p{B p ) < 8, one has 

Vn j \\u' n \\dp, < rj((u n ) n ) + - . 

J B p 

Finally, for a given e, a good choice of p is possible and one gets, for n large 
enough, 




[l(KW+ / ||£-u(w)|| dr(w,£)] 

JQxF 



< £. 



□ 




6.2. WEAK CONVERGENCE IN L,' : 



141 



6.2 Weak convergence in Ljk(£7,<S,P) using Young 
measures 

We will show in this section some applications of Young measures and truncations 
techniques to weak compactness in Lg(f2, S, P) and the space Pg(fi, S , P) of Pettis- 
integrable E- valued functions. In the sequel, Cth b (fl , E) denotes the set of bounded 
Caratheodory integrands on 17 x E and C th 1 (17, E) denotes the set of Caratheodory 
integrands on 17 x E such that there exists some C £ [0, oo[ satisfying \h(u>,x)\ < 
C{ 1 + ||x||) for all (w, x) G 17 x E. The elements of C<h 1 (f7, E) are called Caratheo- 
dory integrands of first order. Here is a useful lemma. 

Lemma 6.2.1 Suppose that (u n ) is a uniformly integrable sequence in L{.(17, S, P) 
such that the sequence (S u ) of Young measures associated with (u n ) stably con- 
verges to A £ S, P; E), then for any Caratheodory integrand of first-order 

h £ Cth 1 ( 17, E), we have 

lim / h(ui , u n (u>)) d P(w) = / \ / h(u>,x) d\ u ,(x)] dP(u>). 
n ^°° Jn Jn J e 

Remark 6.2.2 Lemma 6.2.1 is a particular case of the implication 3 => 1 in 
Proposition 2.4.1, but replacing the topology t^ v by r |. D . This result was an- 
nouced in Remark 2.4.2. Note that, in the metrizable case considered here, Ty X 
coincides with r^i . 

Proof of Lemma 6.2.1. We follow the arguments in [PV95]. Thanks to a lower 
semicontinuity theorem (cf. Portmanteau Theorem 2.1.3) for Young measures, A 
is of first order, more precisely 



||z|| d\(u),x) < M := sup / ||w„(a;)|| dP(w). 
n Jn 



Denote C := sup{|/i(w,a;)|/(l + ||x||); (u>,x) £ 17 x E} and, for K £ [0, +oo[, 
h K (w, x ) = max {—(7(1 + K ), min((7(l + K), hfco, a;))} . 

Then h K £ C7h b (17,<S;E) and ||x|| < K implies h(ui,x) = h K (u>,x). Fix e > 0. 



One has 



h(u>,u n (ui)) dP(uj) — / [/ h(u>, x) d\ ul (x)] dP(w) 

< I h(u>, u n (w)) dP(w) — / h K (u, u n (uj)) dP(w) 

+ f h K (iw, u n {u)) dP(w) — f [f h K ((w, x) d\ LJ (x)] dP(u>) 

Jn Jn J e 

+ f[f h K (u),x) d\ UJ (x)] dF(ijj) - f[f h{to , x) d\ u (x)\ ciP(w) . 
J Qj J E J Q. J E 
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The first term of the second member is bounded from above by 



\h(u>,u n (u>)) - h (ix,u n (uj))\ rfP(w) 



' {c U] h(oJ,U n (co)^h K (iOjU-n (w))} 



| h(uj,u n (uj)) - h K (uj, u n (w))\ dP(u) 



< / 2C'(l + ||u n (w)||)dP(w). 

J{u)\ ||Un(«)||>«’} 



Since (u n ) is uniformly integrable this expression is, for K large enough, < e/3, 
this uniformly in n. As A is of first order, by Lebesgue Theorem the third term of 
the second member is also < e/3, for K large enough. Indeed, it is less than 



/ 2(7(1 + ||a;||) dX(u>, x). 

7nx{||x||>if} 

Finally, after K has been fixed, the second term is < e/3 for n large enough. 

□ 



Proposition 6.2.3 (Compactness of the set of integrable selections) Let 

T : Cl — > c/C(E) be a measurable and integrably bounded multifunction (i.e. there 
exists g € L^+(f2,5, P) such that T(w) C g(u>)B e for all u> £ flj. Then the set Sp 
of all integrable selections of T is convex and (j{L^,U^,)-compact. Moreover the 
multivalued integral 



[ T(w)(IP(w) ■= { f /(w)dP(w); /€ Sp} 

J n Jn 

is convex and norm compact in E. 

First proof. It is obvious that Sp is bounded convex in Ljg(fI,<S, P). It is closed 
in the norm topology of Lg because, if (f n ) n is a sequence in Sp which converges 
to a limit f in the norm topology of Lg, there is a subsequence of (f n ) n which 
converges almost everywhere to /, thus / still belongs to Sp. To prove the first 
part of Proposition 6.2.3, in view of James’ theorem, it is enough to show that, 
for every g € (Cl, S, P), there is / € Sp such that 

‘HflsSp) = (g,f) = [ (ff(w),/(w))dP(w), 

■hi 

where, for any A C E, d*(.,A) is the support function of A, that is, for every 
x' G E*, 5*(x',A) supj.g^ (a;', x). By a measurable selection theorem [CV77, 
Theorem III. 22], there is a measurable and integrable selection / of T such that 



$*(9(v), r(w)) = (g(u)),f M), 
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for all u> £ f2. By Strassen’s theorem [CV77, Theorem V.14] this entails 

S*(ff,S 1 r )= f 6*(g(u),T(u J ))dP(u J )= [ (j(w),/(w))dP(w). 

Jn Jn 

Now the norm compactness of J si T(w)rfP(w) is equivalent to the continuity 
of its support function on E* with respect to the compact convergence topology 
(continuity at 0 is sufficient): This is a consequence of a general result of duality 
about the bipolar of a set (for a more general result see [CV77, Corollary 1.15 
pages 16-17]. Then thanks to Banach-Dieudonne’s theorem we only have to check 
that this support function is continuous on the unit ball B e* of the dual E* for 
the compact convergence. Since Be* is compact metrizable for both the weak*- 
topology and the topology of compact convergence, it remains to show that this 
function is sequentially continuous for the topologies under consideration. Let 
x' n — » x' in Be* for the compact convergence. Then 

r«,rM)-,r(x',rM) 

for each u> £ fl. Using Lebesgue’s theorem and Strassen’s theorem, we easily get 

S*(x' n , f T(w)dP(u)) = / <5*«,T(w))rfP(w) 

Jn Jn 

-> [ 5*{x',T(u)))dP(Lu) = S*(x', [ T(u)dP(u)). 

Jn Jn 

□ 

Second proof. By Eberlein-Smulian’s theorem, it is enough to show that Sp is 
sequentially compact for the topology cr(L^, Ljjpl). Let ( u n ) be a sequence in Sp. By 
the hypothesis of integrable boundedness, the sequence of Young measures {S_ Un ) is 
tight in ^(fl, S, P; E). Hence there is a subsequence (A Vn ) which stably converges 
to A € 3^ 1 (fl,B,P;E), that is, (£„ n ) converges cr(3A 1 (fl, S, P; E),Cth b (Pl, E)) to 
A. As ( v n ) is uniformly integrable, Lemma 6.2.1 entails that ( S Vn ) converges 
cr((y 1 (fl,B,P;E),Ct/i 1 (H,E)) to A. Let g € L]j^ (H, 5, P). Then the integrand 
h defined by 

h(oj,x) = ( g(u>),x ), (co,x) efixE 
belongs to Cth 1 ( f2,E). It follows that 

lim [ {g(uj),v n {uj)) dP(u) = f[f {g(u),x} d\ u (x)] dP{u). 
n ^°° Jn Jn J e 

In view of the Portmanteau Theorem 2.1.3, it is easily seen that A aJ (r(o;)) = 1 
a.e. and the mapping to i— > u(u) := bar(A^) where the barycenter bar(A w ) of A w 
is integrable and belongs to T(w) a.e., thus proving the weak compactness of Sp 
in Lg(H, S , P). The norm compactness of the multivalued integral f n T(w) dP(oj) 
can be proved by applying Banach- Dieudonne’s theorem as in the end of the first 
proof. ! 
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Remark 6.2.4 The cr(Lg,L^) compactness property of Sp holds true if we sup- 
pose that T is convex weakly compact valued. Indeed the first proof is the same 
using James’ Theorem while the second proof needs a careful look if we want to 
use again the compactness of Young measures in the S-stable topology. Note that 
E CT is a completely regular Lusin space, and that the sequence (S Un ) associated 
with (u n ) is flexibly tight in S, P; E CT ), hence, from Theorem 4.3.5, there is 

a subsequence (£„ („)) which S-stably converges to A € 3A 1 (U, S, P; E CT ). Repeat- 
ing the truncation techniques given in Lemma 6.2.1 shows that (S u ( n )) converges 
cr(3A 1 (fl,5,P;E (T ),C<ft 1 (n,E (T )) to A, where Cth 1 (0,¥. a ) denotes the set of all first 
order Caratlreodory integrand defined on on O x E CT . So we can finish the proof 
in the same way as in the second proof of Proposition 6.2.3 by observing that 
the integrand h : O x E CT i— > (g(uj),x) belongs to Cth l (0, E CT ). In this example it 
turns out that the second proof using Young measures is rather long and less di- 
rect than the first one. In this context other proofs not involving Young measures 
are available, essentially when we deal with weak sequential compactness in Pettis 
integration in the next paragraph. 

The following result is stated in [ACV92, Theoreme 6 pp. 174-175]. We provide 
the proof since it can be applied to other situations. 

Theorem 6.2.5 If (u n ) is a bounded uniformly integrable cwlC(¥.) -tight sequence 
in Lg(fi,<S,P), then (u n ) is relatively weakly compact in Lg(f2, <S, P). 

Proof. We will follow [ACV92, Lemrne 5 and Theoreme 6]. Let e > 0. There exist 
a > 0 and 77 > 0 such that 

sup/ \\u n (uj)\\dP{oj) < , 

n J{\\u n (.)\\>a} 2 

and 

Vies P(A) < 77 => sup f ||u n (w)|| dP(u) < . 

n J A 2 

By hypothesis there exists a cw/C(E)-valued measurable multifunction L v such 
that 

supP({w € f 2; u n (u>) £ L v (w)}) < 77. 

n 

We have 

= ^{u n (oj)EL ri (uj)}f]{\\u n (uj)\\<a}'^'n{ ( ^) ^-{u n (uj)^L ri (uj)}n{\\u n (cj)\\<a} u n{^) 

l{||R n (a;)||>Q:} , ^n( ( ^)- 

So u n = v n + w n with 
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and 

SUp / ||u> n (w)|| dP(w) < £. 

n Jn 
As 

v n (u>) £ T(w) := co [B (0, a) fl L v (uj) U {0}] 

and the multifunction T is measurable cw/C(E) -valued and integrably bounded, by 
Proposition 6.2.3, (v n ) is relatively weakly compact. Since f Q ||u>„|| dP(iv) < £ for 
all n, by Grothendieck’s lemma [Gro64, Chapitre 5 page 296] we deduce that ( u n ) 
is relatively weakly compact in Lg(fl, S , P). | 

The following is an easy consequence of the preceding theorem and the Biting 
Lemma. 

Theorem 6.2.6 If (u n ) is a bounded cwK.(E)-tight sequence in Lg(fl,<S,P), then 
there is a sequence ( u n ) with u n £ co{u m ; m > n} and Uqo £ Lg(fl,<S, P) such 
that ( u n (u )) strongly converges a.e. to Uoq. Consequently, we have 

Uoo(uj) £ (^^{^(w); m > n} a.e. 



Proof. Applying the Biting Lemma to the bounded sequence (||u n (.)||) provides 
a subsequence still denoted by (||u n (.)||) and an increasing sequence (A n ) with 
P(A„) t P(fl) such that ( 1 a„ ||u„(.)||) is uniformly integrable and ( l^c ||u„(.)||) — > 
0 a.e. As the sequence (v n ) = ( 1 A n u n ) is uniformly integrable and cw/C(E)-tight, 
(v n ) is relatively weakly compact in Lg(fl,<S,P) in view of Theorem 6.2.5. By 
extracting a subsequence we can suppose that this sequence converges weakly to 
Uoo € L^(fl, S, P). Hence there exists a sequence (v n ) with v n £ co{u m (w); m > nj 
which converges strongly a.e. to u^. It follows that u 00 (a;) £ n„ co{w m (w); m > 
n} a.e. 'V 

There are some useful consequences of the preceding theorem that we summa- 
rize as follows. 



Proposition 6.2.7 If H is a bounded convex c\vK.(K) -tight subset in Lg(fl,5,P) 
and closed for the convergence in measure, and if J : H — » [0, oo[ is a convex lower 
semicontinuous on R for the convergence in measure, then J reaches its mimimum 
on 7 1. 



In particular, if E is a reflexive separable Banach space, Tt is bounded convex in 
Lg, closed in measure, then any positive convex lower semicontinuous on 7 d for the 
convergence in measure reaches its mimimum on hi. Theorem 6.2.6 shows that 
any bounded cw/C(E)-tight sequence in Lg(fl,5,P) is strongly Mazur-compact. 

Proposition 6.2.8 Let H be a bounded uniformly integrable set in Lg(f2,5,P) 
which satisfies the following condition: For any sequence ( u n ) in hi, there is a 
cw)C(E)-tight sequence ( v n ) such that v n € co {u m ; m > n} for each n, shortly 
(u n ) is Mazur cw/C(E) -tight, then hi is relatively weakly compact in Lg(fl,<S, P). 
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The proof is straightforward since it follows easily from the above weak compact- 
ness theorem. A multivalued version of the preceding result is available [CSOO, 
Theorem 3.4], 

We end this section with a useful lemma. 

Lemma 6.2.9 Let E be a separable Banach space and (u n ) ne n a sequence of 
scalarly integrable E -valued functions satisfying 

(i) {(x',u n ); x 1 £ B g*, n € N} is uniformly integrable, 

(ii) for every A £ S, the set Ha ■= {j\u n dP\ n £ N} is relatively weakly 
compact. 

Then there is a subsequence (u nk )ke n such that 

VdeS Va/ £ E* lim f(x',u nk )dP 

J A 

exists in K. 



Proof. We may suppose that for every A £ S, there exists a convex weakly com- 
pact subset 1C a such that Ha C JCa- Let D* be a countable dense sequence in E* 
for the Mackey topology (see [CV77, Lemma III. 32]) and let A = cr (Ai ,i £ N) 
be the a - algebra generated by (u„) n6 N- Then by (ii) and by extracting di- 
agonal subsequences, we find a subsequence (u nk )ke N such that for any fixed 
ieff, (f A u nk dP) weakly converges to an element c* £ 1C At- It follows that 

lim (a/, / u nk dP))= lim / (x', u nk ) dP = (x r , cf) 
k^oo J Ai k^co J A . 

for all x' £ D* and for all i£ff. Now since D* is dense for the Mackey topology, 
the preceding equalities are valid for every x ’ £ E*. Let A £ A and £ > 0. 
Since the set {(x',u nk )-, x' £ Be*, k £ N} is uniformly integrable by (z), there is a 
measurable set A t such that 

[ \(x',u nk )\dP <e 
JAiAA 

for all x' £ Be* and for all k £ N so that 



I f (x',U nk )dP- f (x',Un k )dV\< [ \ (x ' , U nk ) \ d P < £ 

JA J A, JAiAA 



for all x' £ Be* and for all k £ N. It follows that lim^oo J A (x' ,u nk ) dP exists in 
R. Conseciuently, for any x' £ E* and for any positive A-measurable and bounded 
function h 



h(x' ,u nk ) dP 



lim 

k—> oo 
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exists in R. Now let h be any positive 5-measurable and bounded function and 
let E A h the conditional expectation of h, then we have 

lim / h(x',u nk )dP = lim / E A h(x',u nk )d P. 

Jn fc ^°° Jn 



□ 



6.3 Weak compactness and convergences in Pettis 
integration 

Most results in this section section are borrowed from [AC97]. 

We first give the following basic result. See also [Gei81, Huf86, Mus91]. 

Theorem 6.3.1 Let E be a Frechet space, (f n )ne N a sequence of E-valued Pettis 
integrable functions and / :ll-*Ea scalarly integrable function such that 

( i ) for every convex weakly compact subset B C E*, the set {(x ' , f);x r £ B} is 
uniformly integrable, 

( ii ) for every x' £ E% ( x',f n ) converges cr( L 1 ,!, 00 ) to (x',f). 

Then f is Pettis-integrable. 



Proof. By hypothesis, for every x' £ E* and for every A £ S, we have 

lim (a/, f f n dP)= lim [ (x' , /„) dP = [ (x' , f) dP . 

So, in order to prove the theorem, it is sufficient to show that for every A £ S, 
the sequence (f A f n d P) n eN is relatively weakly compact in E. By the Eberlein 
Smulian-Grothendieck Theorem [Gro52, Corollaire 1 of Theoreme 7] it is equiva- 
lent to prove: For every convex weakly compact subset BcE*, for every sequence 
(x' k )ke n in B and for every subsequence (fn m )me N of (/„)„ e N, we have 



(6.3.1) a := lim lim (x' k , f /„ m dP) = f3 := lim lim (x' k , [ /„ m dP) 

fc-»oo m-KX) J ^ m—KX>k—>oo J ^ 



provided these limits exist. First, by (ii), we have 



(6.3.2) lim (4, [ fn m dP)= lim f (x' k , f n J dP = [ (x' k , f) dP . 

Ja m^oo J a Ja 

By Komlos Theorem [Kom67] applied to the sequence ((x' k , f))kefh there exist a 
sequence (y' n )neN with y' n = l/nJ4 = i 4 an d a rea l va lned integrable function h 
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such that (y' n , f) converges to h almost everywhere. So, by (6.3.1), (6.3.2) and (*), 
we have 

(6.3.3) a = lim f (x' k , f) dP = lim f (y' n , f) dP = ( hdP . 

k^ocJ A n^oo J A J A 

Let y' 0 be a weak* cluster point of (y' n ) n evh then for every m £ N, we have 

lim (4, f f„ m dP) = lim (y' n , f f nm dP) 
k^oo J A n ^°° J A 

= (do, [ fn m dP) 

J A 

(6-3.4) = f (y'oJnJdP. 

J A 

Taking the limit when m — > oo in the last integral in (6.3.4) and using (6.3.1) and 
(6.3.2), we obtain 

(6-3.5) /3= lim f (y' Q , f nm ) dP = [ (y' 0 J)dP. 

J a JA 

Since ( y' n , /) converges to h almost everywhere and y' 0 is a weak* cluster point of 
(y' n )ne Ni h = (y'o, f) almost everywhere. Returning to (6.3.1) and using (6.3.3), 

(6.3.4) and (6.3.5), we get a = (3. Q 



Theorem 6.3.2 Let E be a separable Banach space and EL a subset ofP^(Cl, S, P) 
satisfying: 

(1) {(a:',/); x ' £ B e* ,/ £ EL} is uniformly integrable. 

(2) Given any sequence (/„) in EL, there are a sequence (/„) with f n € co {/*.; k > 
n} and /<*, G Pg(fl,5,P) such that, \/x' G E* ; (x ' , f n ) converges o^L 1 ,L°°) to 

{x'Joo}- 

Then EL is relatively sequentially compact for the topology of pointwise convergence 

on Ljjf <g> E* . 

Proof. Step 1. Let (/ n ) n e n in EL. For every measurable set A £ A, let ELa ■= 
{f A f n d P; n G N}. By (1) ELa is bounded for every A £ A. Now we claim that, 
\/A G A , ELa is relatively weakly compact or equivalently 1C a := coELa is weakly 
compact. By James’ theorem it is enough to prove that for every i' G E*, there 
exists C G JCa such that 

( x ' , C) = sup (x r , x) = 5*{x' , JCa ) = S*(x' , ELa)- 
x€JCa 
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Let (fn k )ke n be a subsequence of {f n )n€N such that 

lim ( x ', [ f nk dP) = 8*{x' ,H a )• 

k ^°° J A 

Let (/„)ne n and f x G Pe(^, 5,P) associated with (/„ fe ) fc6 n by (2). Since each f n 
has the form f n = Y^i= n ^ fm w bh 0 < A" < 1 and At 1 = 1, then we have 

8*(x',JC A ) = lim (a/, f f nk dP) 

k ^°° J A 

= lim {x'.y^V- [ f ni dP) 
n ^°° i =n Ja 

= ( x [ /oodP ) 

Ja 

<6*(x',JC a ). 

So the claim is true. Note that in this step, it is not necessary to suppose that E 
is separable. 

Step 2. Since {f A f n d P) nS N is relatively weakly compact, we may apply Lemma 
6.2.9 which provides a subsequence still denoted by (/mJfceN) such that for every 

measurable set A and every x' G E*, lim / (x ' , f nk ) d P exists in K. Let {f n )nen 

k^oo J A 

and foo G Pg(fl,5, P) associated with (f nk )ke N by (2). Then we have 

lim [ (x',f nk )dP= lim [ ( x’,f n }dP = [ (x 1 , /oo)dP 

k ^°° Ja n ~* 00 J a Ja 

so that by standard arguments we get 

J h (x', f nk ) dP = J h (x', /<») d P 

for all h G Ljjf and i' G E’. Q 

If r is a multifunction defined on a measurable space, with values in the 
nonempty subsets of a measurable space E, we denote by Sr the set of its measur- 
able selections. If furthermore E is a Banach space, we denote by Sp e the set of 
Pettis integrable elements of Sr- 

Corollary 6.3.3 Let E be a separable Banach space. Let r : 0 — > cw/C(E) 
be a cw/C(E) -valued scalarly integrable multifunction, that is, for any x' G E*, 
8*{x', r(.)) is integrable. If {(x',f); x' G B^*,f G Sp} is uniformly integrable, 
then the set Sp e is nonempty and sequentially compact for the topology of pointwise 
convergence on Lj^P g> E* . 
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Proof. By hypothesis and [Gei81, Huf86] Sp e is nonempty. Now let (/ n ) n eN C Sp e 
and let (e p ) p6 N be a dense sequence in Be* for the Mackey topology. Since for each 
p £ N, the sequence ((e p , /„))„<=« is uniformly integrable, using Kornlos theorem 
[Kom67] and an appropriate diagonal process, we find a subsequence (f nk )ke N and 
a sequence (<£> p ) pe N in L^(f2, 5, P) such that 

1 n 

lim - V {e' p , fn k (v)) = V P {u) a.e. 

n—*oo 71 z ^ 
k = 1 



Since — Y^k=i fn k (w>) e P(w) f° r all n € N and for all u> £ Cl, and T(w) is convex 

weakly compact, (— Y^k=\ fn k (^))ne N weakly converges a.e. So by Theorem 6.3.2 
and, using the fact that T is scalarly integrable with convex weakly compact val- 
ues, we conclude that Sp e is sequentially compact for the topology of pointwise 
convergence on Lj^ 1 ® E* . 



The following result is a Pettis analog of Proposition 6.2.3 and the arguments 
developed therein. 

Proposition 6.3.4 Suppose that E is a separable Banach space and P : Cl — > 
c/C(E) is a Pettis integrable multifunction, that is, {<5*(a; / , T(.)); ||a; , || < 1} is uni- 
formly integrable, then the set Sp e is nonempty and sequentially compact for the 
topology of pointwise convergence on LjJ 5 ® E* and, the multivalued integral 



[ TdP:={[ fdP-,f£ SF e } 
Jo, Jo. 



is convex and compact in E. 



Proof. Sequential compactness of Sp e is an immediate consequence of Corollary 
6.3.3. The norm compactness of the multivalued integral f Q P(w) dP(w) can be 
proved by applying Strassen’s theorem and Banach- Dieudonne’s theorem as in the 
end of the first proof of Proposition 6.2.3. 

Now we want to show that Proposition 6.3.4 can be deduced from a general 
convergence result for Young measures. 



Theorem 6.3.5 Suppose that $ is a Lusin topological space and let ( u n ) be a 
sequence of measurable mappings from (Cl, S, P) into S such that the sequence (S u ) 
of Young measures associated with (u n ) stably converges to a Young measure a°° £ 
S, P; S). And suppose h is a Caratheodory integrand defined onClxS such 
that the sequence ( h(u n )) := (h(.,u n (.))) is uniformly integrable in P). 

Then 



(a) 



lim 

n—> oo 



h(u n ) dP 



h(w , s) daff (s) d P(w). 
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Suppose further that (S, d) is Polish space and hi is a set of continuous functions 
defined on S such that \g(x)—g(y) \ < d(x, y ) for all g £hi and for all (x,y) € § x S, 
then the following holds: 



( b ) 



sup 
56 H 



g{u n {u))dP{u)- f [f g{s)da™(s)]dP(uj) 
! Jc 1 Js 



as n — » oo. 



Proof, (a) Suppose that h is a Caratheodory integrand on ft x § such that h(u n ) 
is uniformly integrable. Since h = h + — h~ and both h + {u n ) and h~(u n ) are 
uniformly integrable, we may suppose that h > 0. For every k £ N, let us define a 
continuous function au '■ R + — » R + as follows: ak{x) < x for all x > 0, ak{x) = x 
if x < k, ak{x) =0 if x > k + 1. We claim that 

A := f[f h(uj,s) daff(s)] dP(u) < +oo. 

Jn Js 

Note that if h is bounded, the result follows by hypothesis. By Beppo Levi’s 
theorem we have 



A = sup 



k Jn 



/ [ / a k (h(u,s))da™(s) ] d P(w) =suplim / a k (h(u,u n (u>))) dP(u>) 
Jn J s k n Jn 



< limsupsup / ctk(h(uj, u n {io))) dP(iv) < limsup / h(u>, u n (u>)) dP(u)) < +oo, 
n k Jn n Jn 

because ( h(u n )) is uniformly integrable. Let e > 0. We need to prove that there 
is an integer N such that 



[ h{tjj,u n (w)) dP{(jj) - f [f h(w,s) dcr™ (s)]dP(uj) 
Jn Jn J s 



< 3 £ 



for all n > N. Notice that 



h{ui,u n (Lu)) dP(u) - ( [ ( h(uj,s) da™ {s)\ dP(w) 
\ Jn Js 



in Jn Js 

is < Li(k, n) + L 2 {k, n ) + L 3 (k) where, for every k £ N, 



Li(k,n) = 
L 2 (k,n) = 
L 3 (k) = 



h(ui, u n (u>)) - a k (h(u>,u n (uj))) dP(w) 



f a k {h{u,u n (u)))dP(u) - ( [ f a k (h(u,s)) da™ (s)] dP(w) 

Jn Jn J s 

/ l[ ot k {h{uJ,s))da™{s)] dP(u) - / [ f (h(u, s) da™ (s)\ dP(u) 
J n Js J n Js 
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Pick I\ G N such that 

sup / h(uj,u n (w))d P(w) < £ 

n J{h(u n )>K+ 1} 

because ( h(u n )) is uniformly integrable, and Lz{K) < e, using Beppo Levi’s the- 
orem. Since (5 Un ) converges to a°° in S, P; S) and olk o ft is a bounded 

Caratheodory integrand, we have that Li{K^n ) — > 0 when n — > oo. Hence there 
is some integer N such that n> N implies L 2 (A'', n) < e. Notice that 



Li(K,n) < sup 

n 



l{h(u n )>K+ 1} 



h(u>, u n (w )) dP(w) 



for all n G N. So, for n > N , we have 



h(w, u n (u>)) dP(u>) — 



h{u,s)da™(s)] dP(uj) 

< L^(K, n) + L 2 {K, n) + L 3 (K) <3e. 



(b) Let us set 



ftn := / and cr := / cr™ dP(cu). 

in ./n 

Since (5 ) stably converges to cr 00 in 5, P; S), the sequence (//„) narrowly 

converges to a in _A/1 +,1 (S). According to Skoroklrod’s theorem, there exist a 
probability space (O', S' . Q) and random elements X m , X ^ : O' — > S such that the 
law of X n (resp. X^) is //„ (resp. a) with X n — > Q-a.e. First we claim that 
{g(X n ); n £ N, g € 7i} is uniformly integrable in Ljj^fi', S', Q). As ( g(u n )) is 
uniformly integrable in L^(fi, <S, P), by de La Vallee Poussin’s theorem, there is a 
continuous convex even function ip : R. — > R + with ip(t)/\t\ — > oo when |i| — » +oo 
such that 

sup sup / <p(g(u n )) dP < + 00 , 

gGH nSN JQ 

so that 

sup sup / ip(g(X n ))d Q < +oo, 

g€.TL n£N 

thus proving the claim. 

Secondly, we claim that H is uniformly integrable with respect to cr G M +,1 (S). 
For each x G R + , let (3k{x) := x — a.k{x) (fc G N). Let g £H. We have the estimate 



X y>k+l} ( a ) — (dk{x) Ci X l{yeR+; y>k} ( a )> 
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for all x £ R + . So, for every k € N, we have the estimate 



>{g(.)>h+i} 



g(s) da(s) < / (3 k {g) dcr 

J § 

= linr [ (3 k {g{u n ))dP 
n ~*°° Jq 



(6.3.6) 



< sup sup / g'(u n )dP. 

g'GH n J{g'(u n )>k} 



Let e > 0. As {g'{u n )\ g' £ H, n € N} is uniformly integrable by hypothesis, there 
is an integer K > 0 such that sup g ; gH sup n Jr ,/ )>k} 9'( u n) dP < £. Returning 

to the estimate (6.3.6) we get 



l{g(.)>K+ 1} 



g(s) da(s) < e, 



thus proving the claim. 

Now we can finish the proof as follows. For every A £ S' , we have 



g(u n {u))) dP(u>) - I [f g(s) da™ (s)]dP(u) 
! J £2 Js 

g dg n - f gda 



< 



g(X n (u>')) dQ(u>') - / g(X oc (oj')) dQ(oj') 



g(X n (uj'))d Q(u/)+ / g(X 00 (u 1 )) dQ(oj'). 
Ja<= 



Let e > 0. Since (h(X n )) is uniformly integrable in L^fi 7 , «S', Q), and H is uni- 
formly integrable with respect to a € Af +,1 (§), equivalently {/tJAqo); h € H} 
is uniformly integrable in L^(fi', S', Q), there exists g > 0 such that Q (B) < g 
implies 

sup sup / g(X n (u>')) dQ(u>') < e, 
geH neN J B 

and 

sup / g(X 

OO (w'))^Q(w')<^ 

g&n Jb 

As X n —> Aqo Q-a.e., by Egorov’s theorem there exists a Q-measurable set A with 
Q(A C ) < g such that X n — > X oc uniformly on A. Taking account of the above 
estimate and the choice of 77 , we get 




g{X n (u>'))d Q(u/) 



< £ 



sup sup 
gen ne n 
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and 



g£H 

So it remains to check that 



sup / g(X 00 (u! r )) dQ(io') < e. 
g&T-i J A c 



sup f \g(X n (u')) - g(X 00 (w'))| dQ(ui') < e. 
g£H J A 



g&H J A 

There exists N £ N such that n> N implies 

d{X n (u>'), Xoo^uj')) < e, 
for all u>’ £ A. It follows that 



I g(X n {u') - g(X 00 (w')| < d(X n (u/),*oo(w')) < e, 
for all u/ £ A so that 

sup [ \g(X n (u')) - g(X 00 (w'))| dQ(u') < e. 
g&H J A 

The proof is therefore complete. ] 

There is a direct application of the preceding theorem to Pettis integration. 

Proposition 6.3.6 Suppose that E is a separable Banach space, (u n ) is a Pettis 
integrable sequence in the space Pg(f2, <S, P) of Pettis integrable E -valued functions 
such that (u n ) is norm-tight and that {{x' ,u n )\ ||a; , || < l,n £ N} is uniformly 
integrable in L^(f2, 5, P), then there exist a subsequence (v m ) of (u n ) and a Young 
measure a°° in S, P; E) such that 



sup 

IMI<i 



( X , Vfji (u>)) dP(w) 



[ [f {x',x)da™(x)]dP(uj) 
Jn J e 



0 



when to — > +oo . 



Proof. Applying Theorem 6.3.5 by taking S = E and hi = {x' £ E*; ||x'|| < 1} 
gives the result. In particular, if T is Pettis integrable convex compact-valued 
multifunction from O into E, that is, {<5* (x' , T(.)); ||ar , || < 1} is uniformly integrable 
in Lg(f2,iS, P), then the set-valued integral 

f T(u)dP(L 0 ) := { f «(w)dP(w); M e S^ e } 

Jn Jn 

is compact in E, Sp e being the set of all Pettis integrable selections of P. Remem- 
bering that Sp e is nonempty, and any sequence ( u n ) in Sp e is norm tight, we can 
extract a subsequence (v m ) which converges stably to a°° in J ;1 (^,5,P;E) whose 
barycenter bar (<jff ) belongs to r(w) and satisfies the required property in the 
theorem, thus proving the norm-compactness of f n r(u>) dP(co). 
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Remark 6.3.7 In the present context, Theorem 6.3.5 provides a subtitute of 
Banach-Dieudonne’s theorem (cf. Proposition 6.2.3). 

Let us mention a useful fact. 

Lemma 6.3.8 Suppose that L : Q — > £cw/C(E) is a measurable multifunction, 
(it„) n£ N is a sequence of scalarly integrable E -valued selections of L and u : O — » E 
is a scalarly integrable function such that 

lim / (x',u n )dP= / ( x',u)dP 

n— > °° J A J A 

for every A £ S and every iTE', then u(u) £ L(uo)-a.e. 

Proof. Suppose that the conclusion is not true. Then by [CV77, Lemma III. 34] 
there exist x' € E*, A £ S with P(A) > 0 such that 

(6.3.7) (a/, u(co)) > S*(x' , L(ui)) := sup{(a/, x); x £ L(co)} 
for all co £ A. By integrating we get 

(6.3.8) [ 5*{x',L)dP< [ {x',u)d P. 

J A J A 

Since ( x',u n ) converges cr(L 1 ,L°°) to (x',u) and the u n are integrable Pettis se- 
lections of L, we deduce that 

(6.3.9) [ 5*(x',L)dP> lim [ (x',u n }dP= [ (x',u)dP 

J A n ^°° J A J A 

which contradicts (6.3.7). ~] 

6.4 Narrow compactness of Young measures via 
the Dudley embedding theorem 

This special section is a continuation of the two preceding ones. It is concerned 
with stable convergence in Young measures and applications to weak compactness 
in Bochner integration. Here sophisticated techniques are used. Firstly, thanks to 
a theorem of Dudley, the set of probability measures on a Polish space embeds in a 
dual Banach space: There the James (or James-Pryce) Theorem can be used and 
the Eberlein-Smulian theorem allows the use of ordinary sequences (with index set 
N). Secondly Young measures sometimes give a rather weak limit object which can 
be connected to some other more classical limit objects. Thirdly, some sequences 
are weakly Cauchy and the foregoing techniques give a candidate to be the limit. 
A condition in the line of Ulger [Ulg91, DRS93] is often used — as in Propositions 
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6. 4. 4-6. 4. 5 where it takes the form “there exists a subsequence (v n ) n satisfying 
v n £ co{0 m ; ?n > n} for every n, which is stably convergent”. 

Let (S, d) be a complete separable metric space. We could assume that S 
is a Polish space, but then we would have to precise that d is a complete metric. 
Recall that A4 +,1 (S) is set of probability measures on S. We endow it with the nar- 
row topology cr(Af +,1 (§), C b (S)) where C& (S) is the set of all real- valued bounded 
continuous functions defined on S. This topology is metrizable: see [Bou69, Propo- 
sition 10 page 62], [Par67, Theorem 6.2 page 43]. Recall also that BL(S, d) denotes 
the vector space of real-valued bounded Lipschitz functions defined on §. It is a 
Banach space with the norm 

ll/llBL(S,d) := II /II oo + sup { I ^ d(x y) ^ ’ x ^ y }- 

Let BL(§, d)* denote its topological dual. The space BL(§, d) has been introduced 
and studied by Dudley [Dud66, Dud89]. It is a (usually strict) subspace of C & (S). 
For strict inclusion think of S = K. Moreover the ||.|| -closure of BL(S, d) in 
C b (S) is the set of all bounded uniformly continuous functions: [Dud66, Lemma 8 
page 255], on S. There is a natural embedding _A4 + (S) — > BL(S, d)* defined by 
v i— > [/ i— > f^fdu]. We will consider A4 +,1 (S) as a subset of BL(S,e?)*. The 
narrow topology on _Ad +,1 (S) coincides with the topology defined by the dual 
norm on BL(S, d)*: see [Dud66, Theorem 6 page 258 and Theorem 8 page 259], 
[Dud89, Theorem 11.3.3 page 310]. This is mainly due to the fact that bounded 
sets in BL(S, d) are equi-continuous sets (of functions). Moreover one can easily 
check that A4 +,1 (S) is a convex subset of BL(S, d)* contained in the unit sphere 
(i.e. elements of norm 1) of BL(S,gQ*. But there is more: 

1) A4 +,1 (S) is a closed subset in the Banach space BL(§, d)*. This relies on 
the fact that any sequence in A4 +,1 (S) which is Cauchy in the ||.||BL(s,d)* _norm is 
narrowly convergent (see [Ducl66, Theorem 9 page 260], the main point is that the 
sequence is tight; see also the proof in [Bou83, pages 191 192]). 

2) We have v n — > v x in the weak* topology of BL(S, d)* , that is, [V/ € BL(§, d), 

/ s / dv n — > / du oo], iff v n — > Vqc narrowly. This is a particular case of Corollary 

2.1.11 (see also Lemma 6.4.2 given below) and rather classical: see [Bou83, pages 
189-190] and, for related results, [Par67, Theorem 6.6 page 47]. 

Besides these properties, R.D. Bourgin [Bou83, Theorem 6.3.8 page 193] proves 
that the subset A4 +,1 (S) of the Banach dual space (BL(S, d)*, || - 1| BL(S,d)* ) h as the 
Radon-Nikodym property, which means that any BL(§, d )*- valued measure m 
defined on S which is absolutely continuous with respect to P and whose average 
range 

AR(m) := {m(A)/P{A)- A e S, P(4) > 0} 

is contained in AI +,1 (S) and admits a density / which belongs to the space of 
Bochner P-integrable functions L 1 (O, S, P; BL(§, d)*). Necessarily /(w) € Af +,1 (S) 
P-a.e. 
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Compactness in the space of Young measures 

Proposition 6 . 4.1 Let ( X n ) n be a sequence in S, P; S) such that for any 

A e Ia^^P (oj) is narrowly convergent in A4 + (S). Then there exists A°° G 

3P(f2, S, P; S) such that, for each A G S , f A A" dP narrowly converges to f A A°° dP 
as n — > oo. 

Proof. Let m(A) G P(A) _A4 +,1 (S) C BLi(T, d)* defined as 

m{A) = lim [ X n dP . 

n ^°° J A 

The set function m is cr-additive on S and absolutely continuous with respect to 
P. Recall that the subset A4 +,1 (S) of BL(S, d)* has the RNP. The average range 
of to being contained in _A4 +,1 (S), there exists a density [u> i— > A“] belonging to 
L 1 (f2, l S, P; BL(S, d)*). This means, for each A G S, m(A) = f A Xff dP(to). 

□ 

Remark. It is worth to mention that the conclusion of Proposition 6.4.1 says: 
(A”) pointwise converges on L 1 (fl,5,P) 0 Cb(S). Indeed it is enough to check 
that, for any ( u , h) G L 1 (fi, S, P) x C& (S), the following holds: 

lim (u 0 h, A") = («0/i, A°°). 

n— ► oo 

It is obvious that the preceding equality is true if u is a simple S-measurable 
function. Let (u p ) be a sequence of simple 5-measurable functions which pointwise 
converges to u on 0 such that |u p (o;)| < |u(w)| for all p and for all to G Pi. Set 
v n (io) := (A”, h) and foo(w) := (A“, h) for all u € PI. Then |u n (u;)| < ||/i||oo for all 
?iGNU {oo} and for all to G fl. As, for all p and for all n, 

\(u®h,X n - A°°)| = | (u,v n - Woo) | 

^ 1 1 ^|| oo || ri Up | j Li T | ( U Up , Wqo) I A | ( Up , V n Woo) | , 

it follows that (u 0 h, A") — > (u 0 h , A°°). Q 

The idea of the following Lemma is in [Cas85, page 344] (specially Lipschitz 
approximation). It is contained in Portmanteau Theorem 2.1.3, but it is a very 
useful result, so we give a quick proof here. 

Lemma 6 . 4.2 Let A” (n G N U {+oo}) be elements of Suppose 

X n — > A°° for the weak topology on y 1 (fi, P; S) defined by L 1 (Q, S, P) 0 BL(S, d) . 
Then A" — > A°° for the weak topology defined by L 1 (O, S, P) 0 Cf , (S). 

Remark 6 . 4.3 When O, is an open subset of and S = R d , the weak topol- 
ogy defined by C c (f2) 0 C c (R d ) coincides with the narrow topology defined by 
C b (fl x K d ) ([Val94, page 362]: see the proof of Part 2 of Theorem 3) and also 
with the stable topology defined by bounded Caratheodory integrands. This re- 
sult extends to the case when PI and S are separable metric spaces: see Theorem 
2.1.13-D. 




158 



CHAPTER 6. YOUNG MEASURES ON BANACH SPACES 



Proof. 1) Let J2i= i Pi ® fi belong to L 1 (f2, S , P) 0 C b (§). Since ipi = <pf - <p t , 
one may assume that all the ipi are > 0. Now we will forget i and show 

V(v7, /) € L+ x Cf, (S) (<p 0 /, A") 0 /, A°°>. 

2) Define, for A: > 1, g k by g k (x) = inf{/(y) + kd(x,y ); y £ §}. It is well-known 
that g k is a bounded Lipschitz function on S and that gk S' f ■ By the monotone 
convergence theorem, (p 0 g k , A°°) / (ip 0 /, A°°). Thanks to the convergence 
hypothesis, using g k , it is easy to prove liminf„^ 00 (<^ 0 /, A n ) > (ip 0 /, A°°). 
Similarly lim sup,,^ (<p 0 /, A") < (^ 0 /, A°°) . □ 

We now prove a result which was used in the proof of Lemma 4.5.7. 

Proposition 6.4.4 Let K. C A4 +,1 (S). The following are equivalent: 

(1) /C is relatively narrowly compact in A4 +,1 (S). 

(2) For any sequence ( 9 n ) n in /C, there exists a subsequence (v n ) n satisfying, for 
all n, is n £ co{9 m -, m > n}, which is narrowly convergent in A4 +,1 (S). 

Proof. Let us repeat that the narrow topology on _A4 +-1 (S) is metrizable. If 0 n £ K, 
and the subsequence (# a ( n )) n is convergent, obviously 9 a ( n ) G co{9 m ; m > ?r}; this 
proves the implication (1) =>• (2). For the implication (2) =>• (1) we proceed as in 
Theorem 6.3.2. 

1) Let E denote the Banach space BL(S,d)*. We are going to prove, using 
James’ theorem, that co/C is <r(E, E*) compact. We have to check that any (eE* 
attains its supremum on co/C. Let ( 9 n ) n be a maximizing sequence in /C, that 
is, (C,6 n ) S' <P(C,co/C)). From the hypothesis there exists v n £ co {0 m ; m > 
n} which converges narrowly in A4 +,1 (S) to Each v n has the form: v n = 

E?=o a i °n+i with a™ > 0, Y,i a i = !■ So, 

(6.4.1) (C,Ux>) = lim (C, 9 n +i) = S*(C, co/C). 

n—> oo z ' 
i = 0 

2) It is sufficient to show that any sequence (9 n ) n in /C admits a convergent 
subsequence. Using the relative compactness of /C proved above and Eberlein 
Smulian’s theorem there are a subsequence (9 a ( n )) n and an element 9 £ E such 
that, for every ( £ E*, (( ,9 a ( n )) — * (C, 0). As in 1) let (v n ) n be a seciuence with 
v n £ co {9 a ( m y, m > n} such that (i/ n ) n converges narrowly to v^. Then neces- 
sarily (cf. (6.4.1)) (f,9) = (C, fc'oo) and 9 = Finally, the convergence 9 n — > 
for er(BL(S, d)*, BL(S, d)**) implies the cr(BL(S, d)* , BL(S, d)) convergence, hence 
as already noticed (see for example Lemma 6.4.2), the narrow convergence. 

□ 

The following extends in some sense the implication (2) =>• (1) of Proposition 6.4.4 
to Young measures. 
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Proposition 6.4.5 Let H be a Mazur-compact subset of 3^(11, S, P; §), that is, 
for any sequence (A n ) n in H. there exists a sequence (y n ) n with v n £ co{A m ; m > 
n} such that, for P -almost every to, (i/") n converges narrowly in A4 +,1 (S). Then 
ft is sequentially relatively erQ^fl, S , P; §),L°°(f2, S, P)0BL(S, d)**)-compact i.e. 
for any sequence (A n ) n in ft, there exists a subsequence (A a ^) n and. A°° £ 
y 1 (fl,S, P;S) such that 



(6.4.2) Wt £ S, P) ® BL(S, d)** [ (h, A“W) dP -► [ (h, A°°) dP . 

Jn Jn 

Proof. We proceed as in Theorem 6.3.2. Let E denote the Banach space BL(S, d)*. 

1) For A £ S, let us define Ha '■= {f A A u dP(u>); A £ H} C E. We are going 
to prove, using James’ theorem, that co {Ha) is er(E,E*) compact. We have to 
check that any ( G E* attains its supremum on co(Ha)- Let (A”) n be a sequence 
in H such that (9 n ) n with 6 n := f 4 A n dP is a maximizing sequence, that is, 
(( ,0 n ) /* 5 *((,co(Ha))- From the hypothesis there exists v n £ co{A m ; m > n} 
which P-a.e. converges narrowly in A4 +-1 (S). The limit A^ 3 is scalarly measurable 
(i.e for every / £ C& (S), u) i— > (/, Aff) is measurable), hence is a Young measure. 
Each v n has the form: v n = JfiZo a ? A" + * with a” > 0, JY a" = 1. Since ((, vfff) 
converges a.e. to ((,Aff), by Lebesgue’s theorem 



k 

(6.4.3) (C, / A°° dP) = lim(C, / v n dP) = lim Va”( C, / A n+i dP) 

JA n ^°° J A 7wo ° J A 



and (Ci 5 a A°° d ?) =<5*(C,co {Ha))- 

2) Let (A")„ be a sequence in H. Let <?i be the sub-cr-algebra generated by the 
maps ui i— > A", and A a countable algebra which generates S\. Using the relative 
compactness of Ha proved above, the Eberlein-Smulian theorem and the diagonal 
process, we can prove the existence of a subsequence (A a ^) n and of elements 
6a £ E such that, for all A £ A and for all (gE*, (£, f A A a dP — * ((, 9 a ). 
As in 1) let {y n ) n be a sequence with v n £ co{A“^ m i; m > n} such that, for P- 
almost every to, (i/") n converges narrowly to A“. Then necessarily (see (6.4.3)) 
(f,0 A ) = f A ((,A™)dP(u>). By equi-continuity the convergence f A ((, A a ^) dP — > 
Ia( CiA°°)dP remains valid for A £ S\. Thus (6.4.2) holds in the case when 
h(w, x ) = 1a(w)C- By linear combinations and taking limits, we get (6.4.3) for if £ 
L°°(f2, Si, P). The extension to the case when if £ L°°(f2,<S,P) is straightforward 
(use the conditional expectation operator E Sl ). ] 

The following is an application of Proposition 6.4.1. 



Proposition 6.4.6 Suppose that (A n ) is a sequence in J ;1 (U, S, P; S) satisfying: 
For any subsequence (u n ) of ( A") there is a sequence u n with v n £ co{^ m ; m > n} 
such that, for every A £ S, the sequence (f A u n d P) is narrowly convergent in 
A4 + (S), then there are a subsequence ( A n ) and A°° £ (P 1 (f2, S, P; S) such that 

lim (it 0 h, A n ) = (u 0 h, A°°) 

n 
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for all {u, h ) G L“(U, 5, P) x C b (S). 

Proof. Step 1. Let (ip p ) be a sequence in C b (S) which separates the points of 
A4 +-1 (S). It is obvious that for each p the sequence ((<p p , A™)) defined by 

(<p P ,\ n )(“) = (‘Pr,K), 

for all uj € O, is bounded in L^(U, 5, P). So ((tp p , X n )) is relatively tr(L 00 ,L 1 ) 
compact. As the injection i : L°° — > L 1 is weak*-weak continuous, ((<p p ,A n )) is 
relatively weakly compact in Lr(U,<S,P). So ((ip p ,X n )) is relatively sequentially 
weakly compact in Ljjj(fl, S, P) in view of the Eberlein Smulian theorem. Using an 
appropriate diagonal procedure provides a sequence ( r p ) of real- valued bounded 
measurable functions and a subsequence (A" ) of (A 11 ) such that 

(6.4.4) Vp Vu G Lg(fl,5,P) lim (u g (p„, X n ) = (u, r v ). 

Step 2. Let u G Ljj^P (fl, S , P) and h G C b (S) be fixed. Choose a subsequence (y n ) 
of (A"') such that 

(6.4.5) limsup(« g h, A™ ) = lim (u® h,v n ). 

n *°° 



By our assumption, there is a sequence v n with u n G co {v m ; m > n} such that, 
for each A G S, (f A v n dP) narrowly converges. By Proposition 6.4.1, there is 
v°° G A’ 1 (^,5,P;S) such that, for each A G S, (f A u n dP) narrowly converges to 
f A v°° dP. By (6.4.5) and the remark of Proposition 6.4.1, it follows that 

(6.4.6) limsup(u g h, A™ ) = lim (u® h 1 v n ) = (u g h, v°° ). 

71 . — ^(*50 71 



Coming back to (6.4.4) we get 

(6.4.7) lim ( v g <p„, A" ) = ( v , r v ) = (v (g <p„, v°° ) 

n—>oc 

for all v G Ljj^ (0, <S, P) and for all p. Similarly, we find p°°' G (y 1 (^,5, P;S) such 
that 

(6.4.8) lim inf (u g h, A ") = (a®/i, p°° ) 

n — >-oc 

and 



lim (v g (fp, \ n ) = ( v , r p ) = (og <p p , p°° ) 

n—> oo 



(6.4.9) 
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for all v € LJf (fi, 5, P) and for all p. By (6.4.7) and (6.4.9) we get 

(v 0 ifip, v°° ) = (v 0 ip p , p°° ) 

for all v £ <S, P) and for all p. So we can conclude that n°° = p°° a.e. 

Step 3. Finally applying the results obtained in the preceding steps to any (u', h') £ 
L^’(n,«S, P) x C b (S) provides a°° £ 3^ 1 (fl,5,P;S) such that 

lim ( u ' 0 h', A" ) = ( u ' 0 h' , p°° ) 

n— >oo 

and 

\/A £ S Vp f (<p p , a°° (u>)) dP(ui) = f r p dP . 

J A JA 

So cr°° = v°° a.e., thus completing the proof. :— ] 

Comments Propositions 6. 4. 5-6. 4. 6 are the analogs for Young measures of the 
Ulger Diestel- Ruess-Scliachermayer characterization of weak compactness in 
where X is a Banach space [Ulg91, DRS93]. Namely these authors proved that a 
bounded uniformly integrable subset H of is relatively compact iff 

(*) given any sequence ( u n ) n in 7 1, there are v n £ co {u m ; m > n} such that the 
sequence (v n (u>)) n is weakly convergent in X for almost all w £ 0. 

In this spirit, combining Propositions 6. 4. 5-6. 4. 6 and the techniques developed 
above leads to new compactness results in the space Lg (where E is a separable 
Banach space) that we present in the next paragraph. 

Before going further let us mention some significant applications of the preced- 
ing results. 

Proposition 6.4.7 Suppose that E is a Banach space with strongly separable dual 
andS is a closed convex bounded subset of E. Let T : A4 +,1 (S) — > E denote the map 
p i— > bar (p) and T its natural extension T : P; S) — > Lg(f2, S , P). Let (A") n 

be a sequence in J ;1 (0,P;S) such that for each A £ S, / A™dP(w) is narrowly 

_ JA 

convergent in A4 + (§). Then T transforms (A") ra into a weakly convergent sequence 
in Lg(fl, 5, P). 

Remarks The existence of bar (//) (p £ Y4 +,1 (S)) is ensured by [Bou83, Lemma 
6.2.2 page 178] because S is a closed convex bounded subset of E. Obviously T 
operates as [T(A(.))](w) = T(X UJ ) = bar(A w ). 

Proof. 1) By Proposition 6.4.1 there exists A°° £ y 1 (f l, S , P; S) such that for each 
A £ S, f 4 A n dP narrowly converges to f A A°° dP. 
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2) Let with P(^4) > 0 and x' £ E*. Then 



= (x',J bar (AS) d P(w) 

= f (x r , bar (A™)) dP(w) 

J A 

= [\[ 1 dp M 

Aa l As j 

= w(ii 4//"" 

and, since a;j s belongs to C;, (S) (even to BL(S, d)), we have got 
(6.4.10) (ip,T(X n )) — ► (ip,T(X°°)) 



in the case when ip e LJP (17, 5, P) has the form ip (to) = 1 a ( to) a;'. 

3) By linearity (6.4.10) extends to step functions ip. Then if ip £ Ljj£(17, 5, P) 
is countably valued with ip (to) = x' k on disjoint sets A k . 



(iP,T( X n ))=J2 (4,bar(A-))dPM 

fc =0 J Ak 

and the convergence (6.4.10) still holds. Since E* is separable, any element ip 
of Ljj^ (17, <S, P) can be uniformly approximated by countably valued ip p , and the 
preceding equality holds for any ip £ Ljj^ (17, S , P). The proof is therefore complete. 

□ 



Now is a variant of the preceding result. Let T : BL(S, d)* -»Ebea bounded 
linear operator from the Banach space BL(§, d)* into a Banach space E. We 
denote by T : Lg L( .§ (17, 5, P) — > Lg(17,5, P) the natural linear extension of T 
to a bounded linear operator from Lg L (g jd )„ to Lg. 

Proposition 6.4.8 Suppose that E is a Banach space with strongly separable dual, 

(A ”)„ is a sequence in J ;1 (17,P;§) such thatMA £ S, A" dP(u>) is narrowly con- 

^ J A 

vergent in A4 + (S). Then the mapping T transforms (X n ) n into a weakly convergent 
sequence in Ljjj.(17, <S, P). 

Proof. By Proposition 6.4.1 and Dudley’s homeomorphism theorem there is A°° £ 
J ;1 (17, S, P; S) such that 






A” dP 



A°° dP 
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in the Banach space BL(S,d)*. It follows that f A TX n dP — > f 4 TX°°dP in the 
Banach E for every 4e5. The conclusion that (TA")„ converges u(Le,L^) to 
T \°° is obtained as in the proof of Proposition 6.4.7. — ] 

The following is an application of the preceding result to best approximation 
in Lg. Let B be a complete sub-cr-algebra of S and let (^(fl, B , P; S) be the set of 
Young measures defined over the complete probability space 



Proposition 6.4.9 Suppose that E is a Banach space with strongly separable dual, 
hi is a a(TL,L°°(fl,B,P) 0 BL(§,d)) closed subset P;§) such that for 

every sequence (X n ) n in TL there exists a sequence ( v n ) n in B, P; S) with 

v n € co{A m ; to > n} such that for P - almost every lo, narrowly converges in 

A4 +,1 (S). Let f € Lg(n,5,P). Then there exists X&TL such that 

inf f ||/ — f A|| dP = f \\f-TX\\dP. 
x ^ n Jn J n 

Proof. Let (A") n be a minimizing sequence in TL, that is, 

lim [ ||/ — f A™|| dP = inf f \\f-TX\\dP. 

IWO ° Jn x ^ n Jn 

Using Proposition 6.4.5 and the arguments of Proposition 6.4.8 provides a sub- 
sequence still denoted by (A") n such that (T A”) converges o/L 1 ,L°°) to T A in 
Lg(fL£>,P) with A G TL by hypothesis. Then it is easily proved (using the opera- 
tor E b ) that (TX n ) converges weakly to TX in Lg(f/<S,P). It follows that 



liminf [ \\f-TX n \\dP> f \\f-TX\\dP 
n ^°° Jn Jn 

and the proof is complete. (j 

To end this section let us mention an application of Propositions 6. 4. 5-6. 4. 6 to 
Komlos convergence (see also Balder [Bal91]). 

Proposition 6.4.10 With the notations and hypotheses of Proposition 6.4-5 (resp. 
6. 4-6) there are a subsequence {X a ^) n of (X n ) n and X°° € (V 1 (fI,P;§) such that 
for each further subsequence (A^”))„ , the following holds: 



1 

n 



n 



E A - (J) 



stably 



X 



oo 

UJ 



for almost every u> € fi ( the negligible set depends on the subsequence) . 

Proof. 1) By Proposition 6.4.5 there exist a subsequence (A Q ^™^) n of (A") n and 
A°° € Y’ 1 (U,P;S) such that, for every h G L°°(f2,5,P) (g>BL(S,d), we have 
lim„^ cx) (A a ^"^, h) = (A °°,h). By Lemma 6.4.2 this implies 

(6.4.11) \/h e L°°(0, S, P) (g) Cb (S) lim (A“ (n) ,/i) = (X°°,h). 

n — >-oc 
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2) Let {ip p )p be a sequence of bounded continuous functions such that for any 
sequence (6 n ) n in A4 +,1 (S), [Vp, f § p p dd n — > f s p p dO oo] is equivalent to the narrow 
convergence. Such a sequence (<P p )p does exist: see e.g. [Par67, Theorem 6.6 
page 47]. 

3) Now the Komlos theorem [Kom67] and an appropriate diagonal procedure 

provide a subsequence still denoted by and functions ( p G L^ such that 

i n 

(6.4.12) lim - <p p ) =' C P M 

n—* oo 77, z ' 

3 = 1 

for each subsequence (A ^ n ^) n . By (6.4.11) it follows that A ^" =1 (A^), Vp) con ~ 

verges crfL 1 ,E°°) to (A °°,p p ). From (6.4.12) we deduce that ( p (uj) a = (\f?,<Pp) 
for all p. 

Under the hypotheses of Proposition 6.4.6 there exist a subsequence (A a ^) n 
of (A n ) n and A°° G J ;1 (U,P;S) such that lim n _ >00 (A a ^ n \h) = (A °°,h) for every 
h G L 1 )^, S , P) ® Cb (S), so the proof follows as in 2) and 3). Q 



Some more weak compactness in Lg(P) 

Lemma 6.4.11 Let E be a separable Banach space, ( u n ) n a bounded sequence in 
Lg which satisfies: 

(i) W G E*, {(x' ,u n (.)); n G N} is uniformly integrable. 

(ii) For any A G S, Ha := {/ A u„rfP; nS N} is relatively weakly compact. 

(Hi) For any subsequence (u' n ) n of (u n ) n , there exists v n G co{u ' m ; in > n } such 
that VA G S, the sequence (f A $ Vn (.) d P)„ is narrowly convergent. 

Then there exists a subsequence ( u nk )k and Uao G such that 

\/x' G E* MA G S lim [ (x',u nk )dP = [ (x', Uoo )dP. 

fc^oo J A J A 

Remark 6.4.12 1) Hypothesis (ii) appears in Diestel-Uhl [DU77, Theorem 1 
page 101] and is exploited in [CC85, Theorem 4.1 page 354]. 

2) In the same line, [Cas96, Lemma 2.5] treats multifunctions but with a variant 
of (Hi), which for single- valued functions writes as 

(in') for any subsequence (u' n ) n of (u n ) n , there exists v n G co{u' m ; m > n} and a 
measurable function Uoq satisfying u n (w) — > Uoo(u>) P-o.e. 

3) The measure J A 3 Vn (.) dP is also the image of P[a by v n . But the expression 
of (Hi) is close to the statement of Propositions 6.4. 1-6. 4. 6 (<7 U „(.) is the Young 
measure associated with v n ) which is used in the proof. 
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Proof. 1) By Lemma 6.2.9 there exists a subsequence {u nk )k =: ( Uk)k such that 
for any x' € E* and A £ S, lim^oo f A (x', u k ) d P =: I X ',A exists in K. 

2) Let (t>k)k be a sequence such that v k £ co{ii m ; m > k} and which satisfies 

(in). Let v k be the Young measure associated with v k , that is, u k = Sy k ( u ). By 
Proposition 6.4.1 there exists v £ P;§) such that VA, lirri; c f A v k d P = 

f A isdP. By a well-known lower semicontinuity result (Proposition 2.1.12 or 
[Bal84a, Val90b, Val94]) 

/ [ / ||x|| dv u (x)\ dP(w) < lim inf [ [ [ ||x|| dv k (x)\ rfP(w) 

Jn J e fc ^°° Jn J e 

= liminf f ||ufc(o;)|| dP(w) 

Jn 

< sup |K|| l i < +oo . 

nSN 

Hence u u has a barycenter: bar(z/ w ) =: u 00 ( ui) and |uoo(.)| is integrable. Thanks 
to hypothesis ( i ) (see e.g. [Bal95, Val94]), 

[ (x',v k )dP — > [ (a/,bar(j/ w ))dP(w) = [ (a: , ,u 00 )dP. 

J A Ja J a 

3) Now comes the conclusion: lim^oo J A (x', v k ) dP is the limit of convex 
combinations, so necessarily it equals I X ’,A = limfc^oo Ja( x '> Un k) dP- Q 

Proposition 6.4.13 Let E be a Banach space whose dual E* is strongly separable 
and Tt a bounded subset of Lg. A necessary and sufficient condition for hi to be 
relatively weakly compact is the following conditions: 

(i) H is UI. 

(■ ii ) For any Ha ■= {f A udP; u £ Hj is relatively weakly compact. 

(Hi) For any subsequence (u' n ) n of (u n ) n , there exists v n £ co{u( rl ; m > n} such 
that VA £ S, the sequence (f A 5 Vn (.) dP) is narrowly convergent. 

Proof. Since E* is separable, we have (Lg)* = Ljjpl (cf. [DU77, Theorem 1 
page 98]). 

1) The necessity of (*) is well-known [DU77, Theorem 4 page 104]. That of 
(i) is easy. As to (Hi), by the Eberlein-Smulian Theorem there exists a weakly 
convergent subsequence (u'f) n with limit u a c . By the Mazur trick there exists 
v n £ co {a"; to > n} C co {u' m ; m > n} such that ||u n — MooIIli — > 0. This im- 
plies convergence in measure, hence f A 5 Vn (.) dP — > f A 5 Uoo ^ dP (see for example 
[Val94, Proposition 1], but this is an easy consequence of the Lebesgue-Vitali 
theorem) . 
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2) Let (u n ) n be a sequence in Ti. By Lemma 6.4.11 there exist a subsequence 
(u nfc )& and Uqq G Ljg such that Vx / G III", V A G S , lim^ —>■00 Ia (*£ , u nk ) d P 
j A (x' , Uoo) d P. Thus for any step-function ip : O — > E*, we have 

lim / (ip,u nk )d P= / ((p,Uoo)dP. 

J n Jo. 

This extends from step-functions <p to h G LjjP = (Lg) . Indeed any h G L^ 
is limit of an almost everywhere convergent sequence (h p ) p of step functions sat- 
isfying Vp, \\hp(u)\\ < Halloo* Recall a general fact: On bounded subsets of Lgi 
convergence in measure coincide with uniform convergence on uniformly integrable 
subsets of Lg, cf. [Cas80, Proposition 1 page 5.3] and, for dimension 1, [Gro64, 
Proposition 1 chapter 5 §4 page 298]. As Vfc, Vp, 

| {h, Unk ^oo) | SUp | (fl h p , U) | + | ( h h p , Uqo) | -(- | (h p , U n . k Uqo) | , 

u£7i 

u nk converges a(L^, L]j£) to Uoo. □ 



6.5 Support theorem for Young measures 

The following results have their applications in Fatou type lemmas in Mathemat- 
ical Economics that we present in the next section. 

Theorem 6.5.1 Let E be a separable Banach space. Let ( u n ) be a sequence of 
(S, Be) -measurable mappings from 0 into E. Assume that ( u n ) is weakly flexibly 
tight, and there exist L G 7\lcw/C(E) and such that u n (u>) € L for all n and u G Cl. 
Then there exists a subsequence (v m ) and a Young measure X G ^cr) such 

that the sequence of Young measures 5 V S-stably converges to A in J ;1 (fl;E (T ) 
and, for a.e. cv G fl 

(6.5.1) Ao,(P| w-sequ cl {v m (cj); m > p}) = 1, 

p 

where, for any subset A of E, w-sequ cl A denotes the sequential closure of A in 
E a . 

Proof. The first part of Theorem 6.5.1 is an immediate consequence of Prohorov’s 
Criterion (Theorem 4.3.5). The second part needs a careful look. Let us set 

P p (w) =w-sequ cl {v m (u); m > p}. 

As L is ball-weakly compact, by repeating some arguments in [ACV92, page 178] 
one can check that r p has its graph in S ® Be- Indeed, by Banach-Steinhaus’ 
theorem, we have 

r p (u;) = [J w-sequ cl {v m (uj); m > p} f 1 7 ?e(0, k) fl L. 

k 
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It follows that T p is A^-valued and its graph belongs to S (g> Be, because for each 
k, the weakly compact valued multifunction 

Tp(w) :=w-sequ cl {u m (w); m > p} fl Be(0, k) fl L 

from fl into the cr(E*,E) compact metrizable set B e(0, k) fl L admits a Castaing 
representation on the set {to £ fl; 3m > p , v m (u>) £ I?e(0, k)}. Thus, from [CV77, 
Proposition III. 13], its graph belongs to S ® Be- So the graph of P = fl p U*, Tp 
belongs to S £g> Be, too. Let us consider the integrand: 

tp p (u),x) := l E \r p (u/)(20- 

Then it is obvious that Lp p is S <0 Be, -measurable and lower semicontinuous on E. 
As §_ v ( u ) is supported by P p (w) for m > p , and S Vm S-stably converges to A, by 
the Portmanteau Theorem 2.1.3, we get from the definition of stable convergence, 
1 = A^(r p (w)) a.e., it follows that 

A„(r(w)) = lim A w (r p (w)) = 1 a.e. 

p 



□ 

Remark 6.5.2 1) Actually we have fl p w-sequ cl {u m (cv); n > p} = w-ls u n (u>). 
See [BH96, page 42]. 

2) Theorem 6.5.1 can be applied to any bounded sequence (u n ) in L^(f2, S, P) with 
u n (aj ) € L for all n and for all w £ SI. Even in the particular case when ( u n ) is 
a bounded sequence in Lg(S2,<S, P) where E is a separable reflexive Banach space 
(here L = E) the required support property (6.5.1) is not trivial. 

3) A similar result was given in [BH95] for a bounded sequence ( u n ) in Lg(P) 
satisfying some tightness condition by using a different technique. 

4) Let us mention that the proof of (6.5.1) given above shows that the weak 
sequential closure of a sequence ( x n ) in a closed convex ball- weakly compact subset 
of a Banach space E is Borel, even a K a s subset in the vector space E CT so that the 
first member of (6.5.1) has a meaning. In establishing the support property (6.5.1) 
it turns out the measurability of the Borel-valued multifunction fl p w-sequ cl 
{u m (o>); n > p} is crucial. At this point, by combining the support property 
(6.5.1) and the measurability of the multifunction H p w-sequ cl { u m (u ); n > p}, 
it is easy to obtain a Fatou-type lemma in Mathematical Economics for unbounded 
multifunctions. We refer to [BH96, Theorem 5.3, Cor. 5.3, Cor 5.4] for details. 

We give some applications of the preceding theorem. 

Proposition 6.5.3 Let E be a separable Banach space. Let L be closed convex 
ball-weakly compact subset in E. Let ( u n ) be a bounded sequence in Lg(Q,<S, P), 
such that u n (u) £ L for all n and for all to. Then the following hold: 
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(a) The multifunctions 



uhP w-sequ cl {u u (lo); n > p} 
v 

and 

u i— > co (P| w-sequ cl {u n (oj)\ n> p}) 

p 

are measurable. 

( b ) Assume further that the sequence ( u n ) is scalarly uniformly integrable (that is, 
the set {(x' ,u n (.))] ||a/|| <1, n £ N} is uniformly integrable in L^(f2, S, P),). 
Then there exist a subsequence ( v m ) and a Young measure A°° € E^) 

such that the sequence of Young measures (d,, m ) S-stably converges to A°° in 
^(fijE*), and that 

•^(fl w-sequ cl {u ra (ct>); n > p}) = 1 and f ||x|| dX(f(x) < +oo, 

P J* 

for almost all u> £ Q. Moreover the function u°° : to i— > bar(A“) belongs to 
Lg(fi,<S,P) and the sequence ( v m ) a(L^,L°° ®K*) -converges to u°° . 

Proof, (a) follows from [ACV92, Theoreme 8 page 176]. 

(b) By Theorem 6.5.1, there is a subsequence (v m ) such that {5 ym ) S-stably 
converges to a Young measure A°° € S, P; E^), that is, {S v m) converges 

cr((y 1 (fl;E cr ),Ct/i b (fl,E cr )) where Cth b (0, E CT ) is the set of all bounded Caratheo- 
dory integrand on 0 x E^. Let A £ S and x' £ E* with ||a: , || < 1. Let if be the 
integrand 0 : [ui, x) — * 1 a(oj)(x' , x) defined on flxE. As ( v m ) is scalarly uniformly 
integrable, the sequence is uniformly integrable. By Theorem 6.3.5 

we have 

lim f (x 1 , v m (u>)) dP(uj) — f [f (x 1 ,x) dX(f ) (x)] dP(u) 
m J A J A J E 

and by the Portmanteau Theorem 2.1.3 



[ \[ ||x||dA~(a;)l dP(w) < lim inf [ ||w m (w)|| dP(cu) < + 00 . 
J n J e m J n 



Hence f E ||a;|| dX^f(x) < +oo a.e. And the required property for the limit mea- 
sure A°° follows from Tlrerenr 6.5.1. So the barycenter bar(A2 :> ) exists a.e. and 
the mapping u°° : lo t— > bar(A£f) belongs to L^(fi,«S, P). The ^(L^L 00 ® E*) 
convergence of v m to u°° follows again from Theorem 6.3.5. ~| 



Remark 6.5.4 Proposition 6.5.3 provides a variant of a weak compactness result 
in [ACV92, Theorem 8 page 176]. 




